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SMOOTH KURANISHI ATLASES WITH ISOTROPY 


DUSA MCDUFF AND KATRIN WEHRHEIM 


Abstract. Kuranishi structures were introduced in the 1990s by Fukaya and Ono for 
the purpose of assigning a virtual cycle to moduli spaces of pseudoholomorphic curves 
that cannot be regularized by geometric methods. Their core idea was to build such 
a cycle by patching local hnite dimensional reductions, given by smooth sections that 
are equivariant under a finite isotropy group. 

Building on our notions of topological Kuranishi atlases and perturbation construc¬ 
tions in the case of trivial isotropy, we develop a theory of Kuranishi atlases and 
cobordisms that transparently resolves the challenges posed by nontrivial isotropy. We 
assign to a cobordism class of weak Kuranishi atlases both a virtual moduli cycle (VMC 
- a cobordism class of weighted branched manifolds) and a virtual fundamental class 
(VFC - a Cech homology class). 
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1.1. Overview. 

This is the third in a series [MWll IMW2] of papers that construct a fundamental 
class for compact spaces X that are modeled locally by the zero set of smooth sections 
Si : Ui ^ Ei in finite rank bundles over finite dimensional manifolds. While these 
obstruction bundles have fixed index, they may have varying rank, and thus an ambient 
space naively constructed from the ambient manifolds of the local zero sets 

s“^(0) modulo transition data is lacking all topological controls (Hausdorffness, local 
compactness, in fact existence) that are needed for a perturbative construction “[X] := 
of the fundamental class. Moreover, most interesting cases involve 
nontrivial isotropy groups that are captured in the local charts as finite symmetry groups 
Tj of the sections Sj, so that X is locally modeled by the quotients s“^(0)/rj. 

Pioneered by Fukaya et al [FOIIFOPO] . this problem has been considered by symplec- 
tic topologists since the 1990s as a tool for “counting curves”, i.e. assigning homological 
information to moduli spaces of pseudoholomorphic curves, such as the Gromov-Witten 
moduli spaces (in which isotropy arises from multiply covered curves). In the case of 
trivial isotropy, a comprehensive solution was developed in [MWl) IMW2| by introducing 
notions of Kuranishi atlases which on the one hand can in practice be constructed from 
moduli spaces, and on the other hand have sufficient compatibility between the local 
models for the construction of a virtual fundamental class. This paper extends these 
techniques to the case of nontrivial isotropy, proving the following result. 

Theorem A. Let 1C he an oriented, d-dimensional, additive, smooth weak Kuranishi 
atlas on a compact metrizable space X. Then 1C determines 

• a virtual moduli cycle (VMC) as cobordism class of weighted branched manifolds, 

• a virtual fundamental class (VFC) E IId{X]Q) in Cech homology, 

both of which depend only on the cobordism class of 1C. 

A more precise statement that also applies when /C is a cobordism from an atlas IC^ 
on X^ to an atlas /C^ on X^ is given in Theorem 13.3.51 The guiding idea of a Kuranishi 
atlas 1C is to start with a family of basic charts (Kj)j=i^...^jV) where each basic chart 

K-i — (jJi, Ei,Yi, Si, ipi^ 

is a tuple consisting of a domain Ui, obstruction space Ei, group Fj, section Si : Ui ^ Ei, 
and footprint map f^i : s~^(0) —)• X inducing a homeomorphism from s~^(0)/rj onto the 
“footprint”, an open subset Ei C X such that covers X. The compatibility 

of these charts then involves transition charts K/ = (Uj, Ei,Tj,sj, of the same type 
as the basic charts, but with / C {1,... ,N} such that Fj := rijg/F) 0. Finally, the 
basic and transition charts are related by coordinate changes from K/ to Kj whenever 
I C J. This gives rise to an “etale-like” category B^: whose space of objects is |Jj Uj, and 
whose morphisms are determined by the local group actions and the coordinate changes. 
The category is not a groupoid since some morphisms (those relating the different 
charts) are not invertible. On the other hand, its spaces of objects and morphisms are 
very closely controlled, which enables us to carry out various geometric constructions, in 
particular the construction of perturbations, very explicitly. The realization \1C\ of Bys; 
(the space of objects modulo the equivalence relation generated by the morphisms) is 
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much larger than X, though it does contain a homeomorphic image of X formed from 
the zero sets of the local sections s/ that are induced by the Cauchy-Riemann operator. 
As in |MW2| . the class is constructed from the zero sets of suitable perturbations 

5]c + V oi the basic section Syc = {si) of K,. 

Even if X is an orbifold so that no obstruction spaces are needed, our formulations 
are newQ Rather than being given by inclusions Uj D Uij ^ Uj as in the case with 
trivial isotropy, our notion of coordinate changes in the presence of isotropy involves 
equivariant covering maps pij : {Uij,Tj) — )■ {Uij,Ti) C {Ui,Tj) where Uij is a suitable 
subset of the domain Uj and Ujj —>■ Ujj is a principal Ej/Ez-bundle. As the following 
result from [Mc4| shows, every orbifold has a structure of this kind. 

Proposition. Every compact orbifold Y has an orbifold atlas 1C with trivial obstruction 
spaces whose associated groupoid G/c is an orbifold structure on Y. Moreover, there is a 
bijective correspondence between commensurability classes of such Kuranishi atlases and 
Morita equivalence classes of ep groupoids. 

To apply the above theory to moduli spaces X that arise in geometric examples, 
one needs to develop methods for constructing Kuranishi atlases on such X. Some 
parts of this construction were detailed in the 2012 preprint [MWOj . and now appear 
in |MW2| . They will be extended in [MW3| to include multiply covered curves (and 
hence nontrivial isotropy) as well as nodal curves. Both McDuff [Mc3| and Pardon [P] 
outline the needed construction for moduli spaces of closed stable maps, though neither 
approach is sufficient to give the smooth charts whose existence is assumed in the current 
paper. In |MW3| we will combine the same setup with an implicit function theorem 
from polyfold theory [HWZlj to obtain compatible choices of smooth structures near 
nodal curves. An alternative approach is to extend the VMC/VFC construction to less 
smooth sections. In fact, Castellano [C] proves a gluing theorem for Gromov-Witten 
moduli spaces that allows the construction of stratified smooth Kuranishi atlases with C^- 
differentiability across strata, to which our construction applies with minor modifications. 
He moreover shows that the resulting genus zero Gromov-Witten invariants satisfy the 
standard axioms. 

1.2. Outline of the construction. 

This paper contains all relevant definitions and a fair amount of review so that it can 
be read independently of the previous papers in this series. This outline will also be 
rather brief since the earlier papers give extensive explanation and justification for our 
approach: 

- The first part of [MW2] is a general discussion of different approaches to regularizing 
moduli spaces - e.g. as VMG/VFC - and explains important analytic background. 

- The paper [MWIj starts with an overview of the topological challenges that need to be 
addressed in constructing a VMG/VFC, and then proves the basic topological results 
needed to show that a filtered weak Kuranishi atlas determines a tame Kuranishi atlas 


^Our construction was outlined in [Mc2| . In [P], Pardon independently takes a similar approach to 
handling the isotropy groups. 

























4 


DUSA MCDUFF AND KATRIN WEHRHEIM 


/C, well defined up to cobordism, whose realization |/C| is Hausdorff and metrizable 
and contains a homeomorphic copy of the moduli space X. 

- The second part of |MW2] carries out the full construction of the VMC as the zero set 
of a suitable perturbation of the canonical section 5ic in the case of trivial isotropy. 

We now discuss the main steps in the construction below in more detail, highlighting 

the new features needed to deal with nontrivial isotropy. 

• In order to simplify the abstract discussion, we decided to give a rather narrow defini¬ 
tion of a Kuranishi atlas JC. Thus the domains of both the basic and transition charts 
are group quotients (17/, T/), and the coordinate changes are determined by rather 
special equivariant covering maps {Uij,Tj) —>■ (17/j,r/). The basic theory is set up 
in ^2.11 see in particular Definitions 12.1.41 and Lemma 12.1.51 If there were a need, one 
could no doubt replace these group quotients by more general etale groupoids and use 
more general covering maps and obstruction bundles, at the expense of revisiting the 
construction of perturbations. 

• Smooth atlases and coordinate changes are defined in 112.21 and ^2.31 Though in gen¬ 
eral the definitions are similar to those in the case with trivial isotropy, there is an 
important difference in the notion of coordinate change: When / C J this is now 
given by a covering map from an appropriate submanifold Ujj of the domain of the 
higher dimensional domain Uj onto an open subset Uij of the lower dimensional do¬ 
main [//. If the isotropy groups are trivial, this map is a diffeomorphism with inverse 
equal to the coordinate changes (/>/j : Uij —>■ Uj considered in [MWlllMW2| . Another 
small difference is that we build in the notion of additivity since at least some version 
of this is needed for the taming construction discussed below. (In some situations, 
for example when considering products, this formulation is too rigid; for appropriate 
generalizations see [Mc3].) 

• An important feature of our definitions is that the quotients Dj := together 

to form an intermediate atlas, which Lemma [2.3.41 shows to be a filtered topological 
atlas in the sense of |MWlj . In particular it has an associated category with space 
of objects the orbifold Objg^ := \_\iU_i-, and identical realization |^| = |/C|. 

• One difficulty in constructing a VFC for a given moduli space X is that in practice one 
cannot usually construct an atlas on X. Instead one constructs a weak atlas, which is 
like an atlas except that one has less control of the domains of the charts and coordi¬ 
nate changes; c.f. the various cocycle conditions discussed in Definition 12.2.121 and 
Lemma [2.2.13l But a weak atlas does not even define a a category, let alone one whose 
realization |Ba:| =: |/C| has good topological properties. For example, we would like 
|/C| to be Hausdorff and (in order to make local constructions possible) for the projec¬ 
tion TTjc ■ Uj ^ |/C| to be a homeomorphism to its image. Theorem 12.5.31 summarizes 
the main topological facts about K, that are needed for subsequent constructions. We 
achieve these via shrinking and taming. Our definitions were designed so that all 
the topological constructions of |MW1| . such as the taming, cobordism and reduction 
constructions, apply to the intermediate atlas A and then lift to K. because the quo¬ 
tient maps Uj —)• lJ_j are proper. However, we do need to take some care with the 
proof of the linearity properties of the projection pr : |E^| —>■ |B^|. 
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Another important part of Theorem I2.5.8I is the claim that any two tame shrinkings 
of a weak atlas K, are concordant, i.e. cobordant over [0,1] x X, which is required 
to show independence of the VMC/VFC from the choice of shrinking. In H2.4l we give 
the precise definition of a cobordism atlas. This is an immediate generalization of the 
notion of cobordism in [MWlt [MW2j . and the relevant proofs generalize easily. 

Given a weak atlas, the taming procedure gives us two categories Bye and Eye with 
a projection functor pr : Eye Bye and section functor Sye : Bye ^ Eye. However, 
even when the isotropy is trivial, the category has too many morphisms (i.e. the chart 
domains overlap too much) for us to be able to construct a perturbation v : Bye —Eye 
that is transverse to 0 (written Sye + p iti 0). We therefore pass to a full subcategory 
Byelv of Bye with objects V := IJVy that does support suitable perturbations u : 
Byelv ^ Eyelv- This subcategory Bye|v is called a reduction of /C; c.f. Definition 13. 2. II 
Constructing it is akin to passing from the covering of a triangulated space by the 
stars of its vertices to the covering by the stars of its first barycentric subdivision. 
Again this construction can be done at the level of the intermediate category, so that 
the methods of |MW1| immediately give us the required reductions. 

In the presence of nontrivial isotropy, we may still not be able to construct a transverse 
perturbation v : Bye Iv ^ Eyelv as a functor, since local perturbations vj are required to 
be Tj-equivariant. In general, this can be resolved by using multivalued perturbations. 
Our setup allows for a simplified approach: We define perturbations v = {iyj)j^Xjc to 
be families of maps that are compatible with the covering maps pu but need not be 
Tj-equivariant. We show in 1 13.2l that this construction inherits enough equivariance to 
yield an etale category that represents the zero set of the perturbed section Syciv + 
assuming that this is transverse to 0. The remaining morphisms are then added back in 
at the expense of weighting functions, which give the perturbed zero set the structure 
of a weighted branched manifold. More precisely, we construct the perturbed zero 
set in Theorem 13.2.81 as the Hausdorff realization of an etale (but non proper) 

category Ti' whose space of objects has one component Zj = (s/|vj +1^)~^(0) for each 
/ € lyc, and whose branching locus and weighting function are explicitly determined 
by the reduction V and the isotropy groups. 

For the convenience of the reader we prove the needed results about weighted branched 
manifolds and cobordisms in Appendix O Moreover, the short paper [Mc4| explains 
the construction of TX in the orbifold case. This is much simpler, since the obstruction 
spaces, and hence also the section Syc, v are zero. 

Moreover, we must ensure that the perturbed zero sets are compact and unique up 
to cobordism. As we show in Proposition 13.3.31 the rather intricate construction in 
[MW2] carries through in the current situation without essential change. 

In ^3.11 we extend the notion of orientation to atlases with nontrivial isotropy. As in 
|MW2] . we define the orientation line bundle of /C in two equivalent ways, showing 
in Proposition 13.1.1^ that the bundle detsyc (with local bundles (dets/j/gi^) is iso¬ 
morphic to Aye (with local bundles ® (A™®'^£'/)*)/gi^). Most of the needed 

proofs can again be quoted directly from [MW2| . Lemma 13.1.141 explains how these 
bundles are used to orient local zero sets of sections. 
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• The final step is to build the homology class € i/rf(X;Q) from the zero set 

(sa: |v+^)~^ (0) ■ Many of the details here are again the same as in [MW2| . In particular, 
we build a geometric representative \’Zi^\'h for this class that maps to the precompact 
“neighbourhood”0 |V| = C |/C| of iK.{X) = |s^^(0)|, and then define [X]’"^' 

by taking an appropriate inverse limit in rational Cech homology. 

Acknowledgements: We would like to thank Mohammed Abouzaid, Kenji Fukaya, 
Tom Mrowka, Kaoru Ono, Yongbin Ruan, Dietmar Salamon, Bernd Siebert, Cliff Taubes, 
Gang Tian, and Aleksey Zinger for encouragement and enlightening discussions about 
this project. We moreover thank MSRI, IAS, BIRS and SCGP for hospitality. 

2. Smooth Kuranishi atlases with isotropy 

In this section we extend the notions of smooth Kuranishi charts and transition data 
introduced in |MW2j to nontrivial isotropy and then discuss cobordisms and taming. 
The main result is Theorem 12.5.81 

Throughout this section we fix A to be a compact metrizable space. The main change 
from |MW2] is that the domains of the charts are no longer smooth manifolds, but 
rather group quotients. We begin by setting up notation for the latter. As in [MW2t 
Remark 5.1.2] we assume all manifolds are smooth and second countable. 

2.1. Group quotients. 

Definition 2.1.1. A group quotient is a pair (C/, T) consisting of a smooth manifold 
U and a finite group V together with a smooth action T x U ^ U. We will denote the 
quotient space by 

u ■■= % 

giving it the quotient topology, and write vr : 17 —>■ K for the associated projection. 
Moreover, we denote the stabilizer of each x & U by 

F"^ := {7 G T I 7X = x} C F. 

We could consider a group quotient as a topological category with space of objects U 
and morphisms 1/ x F, but in the interest of simplicity will often avoid doing this. 

Both the basic and transition charts of Kuranishi atlases will be group quotients, 
related by coordinate changes that are composites of the following kinds of maps. 

Definition 2.1.2. Let {U',T') be group quotients. A gronp embedding 

(</.,/) :(t/,F)^(t7',F0 

is a smooth embedding cp : U ^ U' that is equivariant with respect to an injective group 
homomorphism : T ^ T' and induces an injection (p ■ Uf on the quotient spaces. 
We call a group embedding equidimensional i/dim 17 = dim 17'. 

^ In fact, t/c(A) does not have a compact neighbourhood in |/C|; we should think of |V| as the closest 
we can come to such a neighbourhood. 
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In a Kuranishi atlas we often consider embeddings : (17, T) —)■ (17',r) where 

dimU < dimC/' and cjF : F —)■ F' ;= F is the identity map. On the other hand, group 
quotients of the same dimension are usually related either by restriction or by coverings 
as follows. 

Definition 2.1.3. Let (17, F) he a group quotient and V_Cll an open subset. Then the 
restriction of (17,F) to y_ is the group quotient (vr“^(_F),F). 

Note that the inclusion 7r“^(F) — U induces an equidimensional group embedding 
(7r“^(y),F) —)■ (17,F) that covers the inclusion y_ ^ U_. The third kind of map that 
occurs in a coordinate change is a group covering. This notion is less routine; notice in 
particular the requirement in (ii) that ker act freely. Further, the two domains 17, U 
will necessarily have the same dimension since they are related by a regular covering p. 

Definition 2.1.4. Let (17, F) be a group quotient. A group covering o/(17, F) is a 
tuple (17, F, p, p^) consisting of 

(i) a surjective group homomorphism p*" : F ^ F, 

(ii) a group quotient (17, F) where kerp'" acts freely, 

(iii) a regular covering p : U ^ U that is the quotient map U —>■ composed 

with a diffeomorphism ^/^erpr — U that is equivariant with respect to the induced 
F = im(p'") action on both spaces. 

Thus p : U ^ U is equivariant with respect to p'" : F ^ F and p^ acts transitively on the 
fibers of p. We denote by p :U_^ U_ the induced map on quotients. 

Next, we establish some basic properties of group quotients, in particular the fact 
that coverings induce homeomorphisms between the quotients. Here and subsequently 
we denote a precompact inclusion hy V C 17. 

Lemma 2.1.5. Let (17, F) be a group quotient. 

(i) The projection tt : U U is open, closed, and proper. In particular, any 

precompact set P \ZU_ has precompact preimage C U, Moreover, U_ is a 

separable, locally compact metric space. 

(ii) Every point x G 17 has a neighbourhood Ux that is invariant under F® and is 
such that inclusion Ux ^ U induces a homeomorphism from to tt{Ux). In 
particular, the inclusion {Ux,W) —> (7r“^(7r(17a;)),F) is a group embedding. 

(iii) // (17, F, p, p'") is a group covering of {U,T), then p : U_ is a homeomorphism 

and p^ induces isomorphisms between the stabilizers for all y & U. 

Proof. Let IF C 17 be open. Then 7r“^(7r(lF)) = U 7 gr 7 ^ open since each yW is the 
preimage, under the continuous action of 7 “^, of the open set IF. Hence, by definition 
of the quotient topology, 7r(IF) is open. This shows that vr is open. The same argument 
applied to the complement of a closed set shows that tt is closed. 

To see that tt is proper, consider a compact set V_G U_. Given any open cover {Ua)a<=A 
of 7r“^(F), choose for each x € 't“^(F) an element ax € A such that x € Ua„,. Then for 
each xGV_ dehne 

c u. 
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These are open sets since tt ^(x) is finite and the map vr is open, and they cover 
the compact set V. So we may choose a finite subcover ( W^ fv-y n of V. Then 
(^a^)xe 7 r-^{xj^,...,x^} is a finite subcover of 7r“^(y). This shows that preimages of com¬ 
pact sets are compact, i.e. tt is proper. 

To see that preimages of precompact sets P n ^ are precompact, it suffices to note 
that the continuity of vr gives 7r“^(P) C 7r“^(P), so that 7r“^(P) is compact because it 
is a closed subset of 7r“^(P), which is compact as preimage of the compact set P C H- 

To finish the proof of (i) we must show that ^ is a separable, locally compact metric 
space. But U_ inherits these properties from U by |Mu[ Ex. 31.7] which applies to closed 
continuous surjective maps tt : X —>■ T such that 7r“^(y) is compact for all y € T. 

To prove (ii), first choose any open neighbourhood I 4 C of x that is disjoint from 
its images under the elements of TvE®, and then set 

^X 'y'^x- 

Then Ux is open since T* is finite and each 7 T 4 is open. Moreover, Ux is invariant under 
T^, and has the property that its intersection with each T-orbit is either empty or is a 
T^-orbit. Thus the restriction of tt to Ux is simply the quotient by the T* action, so that 
7r(t/a;) is the identity. 

To prove the first claim in (iii), note that T acts on the partial quotient 
its identification with im/o*" = V]^gj.pr to induce a homeomorphism Now 

p is this identihcation composed with the homeomorphism (^/kerp’’)/^ —>■ induced by 

the T-equivariant diffeomorphism ^/j-gj-^r — U. 

As for the statement about stabilizers, notice that we have T^ H (ker p^) = id, because 
kerp'" acts freely. Thus p^\fy is injective. It takes values in T* for x := p{y) by the 
equivariance of p with respect to p^. To see that : T^^ ^ T^ is surjective, fix an 

element 5 € T^. By surjectivity of : T —T we can choose a lift 5 G (p'")“^((5). Since 
p{5y) = p^{5)p{y) = 6x = p{y) and the fibers of p are ker/?'" orbits, there is a unique 
7 G ker/?'" such that '^5y = y, and hence 'y5 G T^. Since p'"( 7 < 5 ) = p'"(<j) = 6, this shows 
that the induced map on stabilizers T^ —>■ T^ is surjective and hence an isomorphism. □ 

Remark 2.1.6. In order to make our presentation more accessible we have chosen 
to require that the domains of our Kuranishi charts are explicit group quotients {U,T). 
Instead we could have worked with etale proper groupoids Q with the additional property 
that the realization map Objg —>■ Objg/ ~, that identifies two objects iff there is a 
morphism between them, is proper. This extra properness assumption is proved for 
group quotients in Lemma 12.1.51 (i). We will see below that this properness allows 
us to deduce results about a Kuranishi atlas /C from results of [MWl] applied to the 
intermediate atlas 1C in which the charts have domains U_ = ^/p. O 

2.2. Kuranishi charts and coordinate changes. 

We begin by generalizing the notion of smooth Kuranishi chart (with trivial isotropy) 
from |MW2| to the case of nontrivial finite isotropy. 
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Remark 2.2.1. To simplify language, we will not add the specifications “smooth” , 
“nontrivial isotropy” or “additive” to Kuranishi charts, coordinate changes, and atlases 
in this paper. Hence a Kuranishi atlas in this paper is a generalization (allowing non¬ 
trivial isotropy) of the notion of smooth additive Kuranishi atlas in |MW2| . We will 
see that it induces a filtered topological Kuranishi atlas in the sense of [MWlj . given 
by the “intermediate charts and coordinate changes” introduced in Definitions 12.2.31 and 
Remark 12.2.Ill below. So in this paper we will take “intermediate” to include the speci¬ 
fication “topological”. O 

Definition 2.2.2. A Kuranishi chart for X is a tuple K = (U,E,T,s,'ijj) consisting of 

• the domain U which is a smooth finite dimensional manifold; 

• a finite dimensional veetor spaee E called the obstruction space; 

• a finite isotropy group T with a smooth aetion on U and a linear aetion on E; 

• a smooth T-equivariant function s :U ^ E, called the section; 

• a eontinuous map if : s“^(0) X that induces a homeomorphism 

: s~H0) := ^ F 

with open image F C X, called the footprint of the chart. 

The dimension o/K is dim(K) := dimt/ — dimK. 

In order to extend topological constructions from |MWlj to the case of nontrivial 
isotropy, we will also consider the following notion of intermediate Kuranishi charts 
which have trivial isotropy but less smooth structure. 

Definition 2.2.3. We assoeiate to each Kuranishi chart K = ([/, K, T, s, V') the inter¬ 
mediate chart K := (D, E,s, V’) consisting of 

• the intermediate domain U_ := 

• the intermediate obstruction “bundle”, whose total space E := U x E is the 
quotient by the diagonal action ofV, with the projeetion pr : E —>■ U_,T{u,e) i-A- 
Tu and zero section 0 : D —)• E, Tn i-)- r(u, 0); 

• the intermediate section s : ^ E induced by s = id;/ x s : U ^ U x E; 

• the intermediate footprint map V’ : s“^(im0) X induced byijj : s~^(0) X. 
We write n : U ^ If for the projection from the Kuranishi domain. Moreover if a chart 
K/ = {Ui,Ej,Tj, 81 , 1 ^ 1 ) has the label I, then Kj = (C//,Ej,5/, and nj : Uj ^ Uj 
denote the corresponding intermediate chart and projection. 

The intermediate charts and coordinate changes of a Kuranishi atlas (with isotropy) 
will form a topological Kuranishi atlas (without isotropy). For the charts, the following 
is a direct consequence of Lemma 12.1.51 

Lemma 2.2.4. The intermediate chart K is a topological chart in the sense of |MW1( 
Definition 2.1.3]. In other words, 

• the intermediate domain U is a separable, locally compact metric space; 

• the intermediate obstruction “bundle” pi U_ is a continuous map between 

separable, locally compact metric spaces, so that the zero section 0 : D —)• E is a 
continuous map with pr o 0 = id[/; 
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• the intermediate section s : ^ E is a continuous map with pr o s = id^; 

• the intermediate footprint map if : s~^(0) X is a homeomorphism onto the 
footprint '0(s“^(O)) = F, which is an open subset of X. 

Remark 2.2.5. (i) The intermediate bundle pr : E —^ is an orbibundle and hence 
has more structure than a general topological chart. In particular, it has a natural zero 
section 0 : ^ E. Hence, when working with labeled charts Kj, we will usually simply 
denote the projection and zero section by pr and 0 rather than pr^, 0/. 

(ii) We will find that many results from |MW1] . in particular the taming constructions, 
carry over to nontrivial isotropy via the intermediate charts, since precompact subsets 
of U_ lift to precompact subsets of U by Lemma 12.1.51 (i). An important exception is the 
construction of perturbations which must be done on the smooth spaces U. O 

Next, as in [MWli [MW2] . compatibility of Kuranishi charts will require restrictions 
and embeddings to common transition charts. 

Definition 2.2.6. Let K = (JJ,E,T,s,'ip) be a Kuranishi chart and F' d F an open 
subset of its footprint. A restriction of K to F' is a Kuranishi chart of the form 

K' = K|^/:= (t/',L;,r,s' = s|[//, V'' = V’L'-1(0)) with U':=TT-^{Uf) 

given by a choice of open subset Uf C U_ such that Uf fl 'tl)~^{F) = ip~^{F'). 

We call Uf the domain of the restriction. 

Note that the restriction K' in the above definition has footprint ^p'{s'~^{0)) = F', 
and its domain group quotient is the restriction of {U,T) to Uf in the sense of 

Definition 12.1.31 Moreover, because the restriction of a chart is determined by a subset 
of the intermediate domain U_, we can in the following use the existence result in |MW1| 
for restrictions of topological charts to obtain restrictions of charts with isotropy. Here 
we use the notation C to denote a precompact inclusion and we write clvlV') for the 
closure of a subset V <ZV m the relative topology of V. 

Lemma 2.2.7. Let K be a Kuranishi chart. Then for any open subset F' <Z F there is a 
restriction K' to F' with domain Uf such that U' := T^~^iUf) satisfies clij{U') ns“^(0) = 
ip~^{c\x{F')). Moreover, if F' C F is precompact, thenUf C U_ can he chosen precompact 
so that U' \Z U. 

Proof. By [MWH Lemma 2.1.6] applied to the intermediate chart K, there is a sub¬ 
set Uf <Z U_ that defines a restriction of this topological chart, in particular satisfies 
IT ns“^(0) = 'ijj~^{F'), with the additional property ch_j_(U') ns“^(0) = ijj~^{clx{F')). 
Further, we may assume that Uf is precompact in If ii F' n F. Then U' = tt~^{U') 
is the required domain. It inherits precompactness by Lemma 12.1.51 (i). Further, the 
same lemma shows that {dufUff}) = cl;7(17'). Hence applying 7r“^ to the identity 
cljiiU') ns“^(0) = 'il>~^{clx{F')) implies that cluiU') fl s“^(0) = 'il>~^{clx{F')). □ 

Most definitions in |MW2] extend, as the previous ones, with only minor changes to 
the case of nontrivial isotropy. However, the notion of smooth coordinate change |MW2l 
Def.5.2.2] needs to be generalized significantly to include a covering map. For simplicity 
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we will formulate the definition in the situation that is relevant to additive Kuranishi 
atlasesH That is, we suppose that a finite set of basic Kuranishi charts jv} 

is given such that for each I C iV} with Fj := flig/ Fi ^ $ we have another 

Kuranishi chart K/ with 

- isotropy group T/ := 026 /^*, 

- obstruction space Ej := OiG/ Ei on which T/ acts with the product action, 

- footprint Fj := fliG/-^*- 

Then for / C J we have the natural splitting Tj = T/ x Tj^/ with induced inclusion 
T/ ^ T/ X {id} C Tj and projection p^j : Tj ^ T/ with kernel Tj-^/. (Here,we include 
the case I = J, interpreting r 0 := {id}.) Moreover, we have the natural inclusion 
(pij : Ej Ej which is equivariant with respect to the inclusion T/ ^ Tj and so that 
the complement of this inclusion Tj^/ acts trivially on the image 4>ij{Ei) C Ej. 

Definition 2.2.8. Given I C J C. {!,..., A^} let K/ and Kj be Kuranishi charts as 
above with Fj D Fj. A smooth coordinate change from K/ to Kj consists of 

• a choice of domain ]J_jj C Ifj such that is a restriction o/K/ to Fj, 

• the splitting Tj = T/ x Tj^j as above, and the induced inclusion T/ Tj and 
projection j : Tj —>■ T/, 

• a Fj- invariant submanifold Ujj C Uj on which Tj^/ acts freely, and the induced 
Fj- equivariant inclusion (fjj : CZ/j > Uj, 

• a group covering {Uij,Fj, pjj, p^j) of {Uij,Fi), where Ujj := nJ^iUjj) C Uj, 

• the linear equivariant injection (fu : Ej Ej as above, 

such that the inclusions 4>ij,(l)ij, and covering pu intertwine the sections and footprint 
maps, 

(2.2.1) sj o'^jj = '$jj o sj o pij on Ujj, 

i’j o ^IJ = '0/0 PIJ on sJ^(O) n Ujj = Pj}{sj^{0)). 

Moreover, we denote sjj := sj o pjj : Ujj Ej and require the index condition.- 

(i) The embedding cfjj : Ujj ^ Uj identifies the kernels, 

d«0/j(kerd„S7j) = kerd^^^Vu € f7/j; 

(ii) the linear embedding cjjj : Ej —)■ Ej identifies the cokernels, 

Vue Ujj: Ej = im {duSjj) ® Cu,I Kj = im (d^^^^^^sj) © 0/j(C'„,/). 

The subset U_jj C U_j is called the domain of the coordinate change, while Ujj C Uj is 

its lifted domain. 

Recall that we have dimUjj = dimUj since pjj : Ujj Ujj is a regular covering. 
Moreover, pjj identifies the kernels and images of dsjj and dsj, 

(2.2.2) duPuikei duSjj) = ker dp^^(„)S 7 , im {duSjj) = im (dp^^(„))s/ C Ej, 

^ While additivity was introduced as separate property in [MWOj . it is both so crucial and natural 
that below in 12.31 we will define the notion of Kuranishi atlas to be automatically additive. 
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and hence the index condition is equivalent to kernels and cokernels of and 

d^sj being identified by the coordinate change. As in [MW21 Lemma 5.2.5] it is also 
equivalent to the tangent bundle condition 

(2-2-3) jdJuiT^Uij) ^ MEi) ^ 

This also shows that any two charts that are related by a coordinate change have the 
same dimension. To keep our language similar to that in [MW2] . we denote a coordinate 
change by <l>/j = P/j) : ^i\u_jj Kj. However, since the linear map (pij is 

fixed by our conventions, the coordinate change $/j is in fact determined by a group 
covering {Uij,Tj, pu, p^j) of where lJ_jj C is a choice of domain 

with Ujj ri'^J^{Fi) = 

Remark 2.2.9. (i) In the case of trivial isotropy and with trivial covering p/j =: 4>jj, 
this definition is the notion of coordinate change in |MW2| with Uij = 4>ij{Uij). Be¬ 
cause Ujj C U[ is open, the index condition together with the condition that Uij is a 
submanifold of Uj implies that Uij is an open subset of s~j^{Ei). 

(ii) The following diagram of group embeddings and group coverings is associated to 
each coordinate change: 

{Ujj,Tj) {Uj,Tj) 

{UiJi) ^ {Uij,Vi) 

(hi) Since p^j : U_ij lJ_ij is a homeomorphism by Lemma 12.1.51 (hi), each coordinate 
change {4'ij,(piJj Pij) ■ ^i\urj induces an injective map 

tij ■= iij ° pli ■ ^ij 

on the domain of the intermediate chart. In fact, there is an induced coordinate change 
^ij ■■ KllUrj —)■ Kj between the intermediate charts, given by the bundle map : 
Uij X El —>■ Uj X Ej which is induced by the multivalued map {(pij o pjj) x (jiu and 
hence covers 4’jj° Pjj =• (f'jj- This is a topological coordinate change in the sense of 
[MWll Definition 2.2.1]. This means in particular that the map 

£/j : Uij X El =: ^i\ujj ■= pr^ ^{ILij) Ej 
is a topological embedding (i.e. homeomorphism to its image) that satishes the following: 

• It is a bundle map, i.e. we have prj o o pr/lpr-i(; 7 ^^) ^ topological 

embedding : U_jj —)• U_j, and it is linear in the sense that Oj o (p^ ^ = 
^ij o Qi\uij, where 0/ denotes the zero section O7 : U_i —>■ Ej in the chart Kj. 

• It intertwines the sections and footprints maps, i.e. 

-J°^ij = ^IJ ° ^i\uij-, ^ij\±-^{Fir\Fj) ^iPj^ °'!tr 
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However, has more smooth structure than a general topological coordinate change 
since (j)^ j : U_jj —>■ lJ_j preserves the orbifold structure and is a map of orbibundles. 

(iv) Conversely, suppose we are given a topological coordinate change : K^- —)■ Kj 

with domain Then any coordinate change from K/ to Kj that induces is 

determined by the Tj-invariant set Uij := T^J^ifpjjilLij)) and a choice of Tj-equivariant 
homeomorphism between j and Uij := If we can choose this homeo- 

morphism to be smooth, then we obtain a smooth coordinate change K/ ^ Kj with 
domain lJ_jj provided that the index condition is satisfied, which is a condition on the 
relation between the set Uij and the section sj. When constructing coordinate changes 
in the Gromov-Witten setting in [MW3j . we will see that there is a natural choice of 
this diffeomorphism since the covering maps pij are given by forgetting certain added 
marked points. Further, the index condition is automatically satisfied in this setting. 

(v) Because Ujj is defined to be a subset of C/j it is sometimes convenient to think of 

an element x G Uij as an element in Uj, omitting the notation for the inclusion map 
^ij ■■ Uij Uj. O 

The next step is to consider restrictions and composites of coordinate changes. Re¬ 
strictions exist analogously to |MW2l Lemma 5.2.6]: For / C J, given a coordinate 
change $/j : K/lf/ —)■ Kj and restrictions K'^ := K/U/ and Kb := Kjlr;/ whose 
footprints F'^ n F'j have nonempty intersection, there is an induced restricted coordi¬ 
nate change —>■ Kj for any open subset iFjj C U_ij satisfying the 

conditions 

(2.2.5) u'lj c u'l n Ijjiu'j), Ulij n 57^0) = ±-\f'j n f'j). 

However, coordinate changes now do not directly compose due to the coverings involved. 
The induced coordinate changes on the intermediate charts still compose directly, but 
the analog of [MW2t Lemma 5.2.7] is the following. 

Lemma 2.2.10. Let I G J G K (so that automatically Fj G Fj G Fk) and suppose 
that $/j : K/ —>■ Kj and ^jk ■ Kj —>• are coordinate changes with domains lJ_ij 

and U_jK respectively. Then the following holds. 

(i) The domain U_ijk ILij C 4>jj{lLjK) U ILi defines a restriction of 

K/ to Fjc. 

(ii) The composite pijx '■= pu o PJK ■ Uijk Uijk '■= (ILijk) defined on 

UijK '■= via the natural identification of pjk{Uijk) C 

Uj with a subset of Ujj. Together with the natural projection —>■ F/ 

with kernel F/^^/ (which factors p^jj^ = o p^m), this forms a group covering 
{Uijk.Tk^PuigP^ik) of {UijkiTi). 

(iii) The inclusion 4 >ijk '■ Uijk Uk together with the natural inclusion (jiK '■ 
El —>■ Ek (which factors cfiK = (jjK o 4>ij) and pijK satisfies (I2.2.ip and the 
index condition with respect to the indices I, K. 
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Hence this defines a composite coordinate change 

^JK ° $/j := ^IJK = (filJK, filK,PlJK) 
from K/ to with domain 


Proof. The corresponding statement for the induced coordinate changes for the interme¬ 
diate charts is proved in |MWll Lemma 2.2.5]. Thus claim (i) follows from part (i) of 
|MW1[ Lemma 2.2.5]. 

To see that pijK in (h) is well defined, we need to verify the inclusion Pjk{Uijk) C 
Uij, or (due to equivariance) equivalently Pjj^{U_ijk) C ILij- For that purpose we drop 
the natural identifications : U_jj —>■ U_j from the notation so that the intermediate 
coordinate changes are = pjj : U_jj —)• Xfijj C U_j and the inclusion follows from 

Pjk(^iJk) = Pjxi^^JK Fl^^J([/jx))) 

^ ^PjK ° —jk) = ILij n ILjk- 

Next, observe that composites of group covering maps are also group covering maps. In 
particular, since acts freely on Uuk C Ujk and Tj^/ acts freely on the quotient 

j (because it is identified Tj-equivariantly with a subset of Ujj), the group 

TiCx/ - Tk-^j X Tj^/ acts freely on Uijk . 

To prove (hi), first observe that (|2.2.ip holds for the index pair IK because it holds 
for IJ and JK: 


SR O 4>IJR = 4>JR O SJO PJR 


Uijk 


= 4 >jk ° {^IJ ° Sj o Pij) o = (fiR O Sj o pjjr on Uijr, 

fjRof’IJR = ipj o PJR = Tpl o PIJ o PJR = Tpl o PUR on sj} { 0 ) Cl Uijr . 

Finally, it is easiest to check the index condition in the form given in (12.2.31) . i.e. we need 
to establish isomorphisms for all u E Uijr, 


( 2 . 2 . 6 ) 




Tt , JJR / ~ ~ — , Er 

“ / d.u(l)IJKfi^uUlJK) / 


<flR{Ei)' 


Here and below we will suppress the natural embedding cfijR : Ujjr —>■ Ur from the 
notation, hence identifying e.g. u E Ujjr with 4>ijk{u) G Ur. With that, the quotient 
on the left is naturally identified with the normal fiber Uuk submanifold 

Uijr of Ur. Next, Ujjr is by construction a submanifold of Ujr, which in turn is a 
submanifold of Ur, hence this normal fiber is isomorphic to the direct sum of the normal 
fiber of Ujjr in Ujr together with that of Ujr in Ur, 


By the index condition for ^jr, the map duSR restricted to the first summand induces 
an isomorphism ^ ^^I^jk{Ej)' Considering the second summand, recall 

that on Ujr we have sr = sj o pjR, where pjR : Ujr u- Ujr is a local diffeomorphism 
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onto an open subset of Uj. It maps Ujjk to Pjk{Ujjk) = Ujj fl Ujk so that, with 

V ■= pjk{u), the map duPjK induces an isomorphism Uuk ^ Uij' Thus 

the restriction of duSx to the second summand induces the isomorphism 

d,sj o duPjK : ^ ^ 

where the second isomorphism results from the index condition for $/j. Putting this all 
together, duSK induces an isomorphism from 

where in the last step we used the fact that ^jk '■ Ej Ek is the natural inclusion. 
This establishes the isomorphism (I2.2.6P and thus completes the proof. □ 

Remark 2.2.11. The composition ^ijk ■ K/ Kr induces a coordinate change 
^IJK ■ the intermediate charts. This agrees with the composition of the 

intermediate coordinate changes a-s defined for topological charts in [MWip 

Lemma 2.2.5]. O 

Next, the cocycle conditions from |MWll Definition 2.3.2] have direct generalizations. 

Definition 2.2.12. Let Kq, for a = I, J, K be Kuranishi charts with I d J <Z K and let 
'■ ^a\u^p —> for {a, 13) G {(/, J), (J, iL), (I, iL)} he coordinate changes. We say 
that this triple satisfies the 

• weak cocycle condition if ^jk ° ~ ^IK cire equal on the overlap in the sense 

(2.2.7) PiK = Pij ° Pjk on Uik L\ pfl.{Uij CiUjk)', 

• cocycle condition if ^jk o ^ij C be. ^jk extends the composed coordinate 

change in the sense that (I2.2.7P holds and 

(2-2.8) ILij ^(f_j](lLjK) ^ILik'^ 

• strong cocycle condition if ^jk o ^ij = ^IK ore equal as coordinate changes, 
that is if (I2.2.7P holds and 

(2.2.9) Uij^ffjjiUjK) =ILik- 

We stated these last two conditions on the level of the intermediate category because, 
as we now show, they imply corresponding identities on the level of the Kuranishi atlas. 

Lemma 2.2.13. (i) Condition (12.2.71) implies 

tiK = tjK ° tij ^iK n (Uij n ffj (Ujk)) ; 

(ii) The cocycle condition (I2.2.8P implies that 

PiK = PijopjK on pfl^(Uij CUjk) dUiK- 
(hi) The strong cocycle condition (|2.2.9I) implies that 

PiK = Pij ° Pjk on pfj^iUjj DUjk) = Ujk- 
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Proof. By definition we have = '^a° Pap when a C /?, so that condition (|2.2.7p 

implies = PjjO Pjj^ on ttk{Uik n pfxi^u ^ Ujk))- The identity from 

Remark 12.2.91 (iii) then implies o cp^j on 


P-IK {f^K{UiK n PjxiUij n Ujk))'^ 


T^l(yPlK{UlK P' PfldUu n Ujk))^ 

T^i(yPiK{UiK) n pij o pjKipjxiUij n Ujk))^ 

71 / (uiK n pij{Uij n Ujk)J 

HiK {U-ij ^ PjjULjk)) 

ILik {iLij n (Ujk)) ) 


where the second equality uses the fact that pjx = Pij ° Pjk on Ujk H Pjk{Uij H Ujk) 
and the last uses p^j = cpjj. This proves (i). 

Using in addition the identities U^p = T^a^ilLap) Uap = '^p^ i^pilLap)) the 
cocycle condition (I2.2.8|) implies the inclusion claimed in (ii), 


PjKi^iJ n Ujk) = (vrj o pjk)~^ ^Jk) 

= ^tij ° PIK ^ ^Jk) 

= {pjK°^K)~^{lliJ^^]iUjK)) c vr;^^(p7^(U^i^)) = UiK- 

The proof of (iii) is the same, with the strong cocycle condition implying equality in the 
second to last step. □ 


2.3. Kuranishi atlases. 

With the notions of Kuranishi charts and coordinate changes with nontrivial isotropy 
in place, we can now directly extend the notion of smooth Kuranishi atlas from |MW21 
Definition 6.1.3]. For comparison with the notions of smooth and topological Kuranishi 
atlas from [MWll IMW2] , see Remark 12.2.11 

Definition 2.3.1. A (weak) Kuranishi atlas of dimension d on a compact metriz- 
able space X is a tuple 

consisting of a covering family of basic charts {i^i)i=i,...,N of dimension d and transition 
data (Kj)|j|> 2 , {^ij)igj for (Ki)j=p...,Ar, where: 

• A covering family of basic charts for X is a finite collection (Ki)i=i^...^N of 
Kuranishi charts for X whose footprints cover X = 

• Transition data /or a covering family (Kj)j=i_,,,^Ar is a collection of Kuranishi charts 
(Kj) jgx^ Ij |>2 and coordinate changes (^/j)/,jeXK,/cj as follows: 

(i) I/c denotes the set of subsets I C {1,.. ■ ,N} for which the intersection of foot¬ 
prints is nonempty, 


Fi := ae/T, / 0 . 
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(ii) For each J € Ijc with | J| >2, Kj is a Kuranishi chart for X with footprint Fj = 

gfoup Tj = and obstruction space Ej = Wj^jEj. Further, for 

one element sets J = {z} we denote K|j} := Kj. 

(iii) ^ij = [pu, p^j,(j)ij) is a coordinate change K/ —>■ Kj for every I,J with 

I F J, where p^j : Fj —> F/ is the natural projection ^ Oie/^ i and 

(fij : Ej Ej is the natural inclusion 

Moreover, for a weak atlas we require that the weak cocycle condition in Detinition \2.2.1S\ 
hold for every triple I,J,K € Zk with I F J C K, while for an atlas the cocycle condition 
must hold for all such triples. 

Remark 2.3.2. Note that we have built additivity in the sense of |MW2l Defini¬ 
tion 6.1.4] into the above definitions. Namely, for each I G Zx the natural embeddings 
'Pil • = Wi^jEn induce the identity isomorphism 

(2.3.1) OiG/ • OiGL Ei ^ Ei = 

and for / C J the linear map cfu '■ Ej —> Ej is the induced inclusion Ozg/ OiGT 
Further, each group F/ is the product Yiiei r i and we use the natural projections p^j : 
Fj —> F/ in the gronp covering maps of the coordinate changes. Hence, when I <Z J <Z K 
the projections and linear inclusions (/>,, are automatically compatible: 

P^IK = PlJ ° PjK^ ^IK = ^JK o 0/J- 

Thus when I C J we will almost always write Ej C Ej for the snbspace (f)ij(Ej) C Ej, 
and similarly we have a natural identification of Fj with F/ x Fj^/. O 

Remark 2.3.3. Althongh it seems that many interdependent choices are needed in order 
to constrnct a Knranishi atlas, this is somewhat deceptive. For example, in the Gromov- 
Witten case considered in |MW3| (see also |Mc3| l. the geometric choices involved in the 
construction of a family of basic charts essentially induce the transition 

data as well. Namely, each basic chart Kj is constructed by adding a certain tuple 
Wi of marked points to the domains of the stable maps (/, z), given by the preimages 
of a fixed hypersurface of M in a fixed set of disjoint disks. The group Fj acts by 
permuting these disks, which has a rather nontrivial effect when viewing the chart in a 
local slice - in which the first three marked points are fixed. However, the transition 
charts Kj are constrncted very similarly: Elements of the domain Uj consist of stable 
maps (/, z) together with | J| sets of added tuples of marked points {wj)j^j, each lying in 
an appropriate set of disks and mapping to certain hypersnrfaces. Each factor Fj of the 
gronp Fj acts by permnting the components of the j-th set of disks, leaving the others 
alone. Moreover, the covering map Uij —>■ Uj simply forgets the extra tnples {wj)j^j^j. 
Thns it is immediate from the construction that the gronp Fj.^j acts freely on the subset 
Ujj of Uj, and that the covering map is eqnivariant in the appropriate sense. Fnrther, 
when I G J G K the compatibility condition pjx = pij o pjK holds whenever both sides 
are defined. 

Fnrthermore, the stabilization process explained in [MW3| allows ns to directly work 
with products of obstruction spaces Ej := OiG/ Ei] there is no need for a transversality 












18 


DUSA MCDUFF AND KATRIN WEHRHEIM 


requirement such as Sum Condition IF in [MWOl §4.3]. In fact, already each Ei is a 
product of the form Ei = n 7 eri(-® 0 i) 7 ) on which Fj acts by permutation of the iFj] 
copies of a vector space E^i. 

Therefore, just as in the case with no isotropy, once given the geometric choices that 
determine the basic charts, we naturally obtain an additive weak Kuranishi atlas in 
which the only new choices are those of the domains l^j = U_jj and U_jj of the transition 
charts and coordinate changes which are required to intersect the zero set 57 ^( 0 ) in 
'i/jJ^{Ej). Note that there is no simple hierarchy by which one could organize these 
choices to automatically fulfill the cocycle condition. Hence concrete constructions will 
usually only satisfy a weak cocycle condition. However, we show below that any weak 
(automatically additive) atlas can be “tamed” so that it satisfies the strong cocycle 
condition, and hence in particular gives a Kuranishi atlas. ^ 

Given a (weak) atlas 1C = (K/, ^ij) j /cj’ dehne the associated intermediate 
atlas IC := j j^j) to consist of the intermediate charts and coordinate 

changes. The next Lemma shows that the intermediate atlas is a (weak) topological atlas 
in the sense of [MWll Definition 3.1.1], and that it is filtered in the sense that there 
are closed sets C Ej := Uj x Ej for each I C J that satisfy the following conditions 
(c.f. pWTl Definition 3.1.3]') 

(i) Ejj = Ej and E 0 j = im Oj for all J Gl/c] 

(ii) §.jk{Wj^{Ujk)(^^ij) = E 77 ^npr"^(im^^^) for all/,J,iF € with / dJ <Z K 

(iii) Ejj n E 77 J = E^ 7 p| 77 y for all I,H,J€ I)c with I,H C J; 

(iv) im(f>^j is an open subset of 5j^(Ejj) for all with I C J. 

Lemma 2.3.4. Let 1C he a weak Kuranishi atlas. Then the intermediate atlas IC is a 
filtered weak topological Kuranishi atlas, with filtration E^j := Uj x (l)jj{Ej), using the 
conventions E^ := {0} and 4>jj := id^;^. 

Proof. Lemma r2.2.4l and Remark l2.2.9l (iiil assert that 1C consists of topological Kuranishi 
charts and coordinate changes. The intermediate basic charts cover X since they have 
the same footprints as the basic charts of 1C, and this also implies that the intermediate 
transition charts have the prescribed footprints. Moreover, the weak cocycle condition 
for 1C transfers to 1C by Lemma 12.2.131 (i), and the same holds for the cocycle condition 
since its definition (| 2 . 2 . 8 p is in terms of the intermediate domains. 

Next, to see that E^j defines a filtration on 1C, we need a mild generalization of 
|MW2[ Lemma 6.3.1]. First note that Uj x fijj{Ej) C Uj x Ej is closed since Uj x 

4>jj{Ej) G Uj X Ej is closed and the projection Uj x Ej Uj x Ej is a closed map by 
Lemma f2.1.5l fil. The filtration property (i) above holds by definition, and property (iii) 
holds because additivity implies 


(t>ij{Ej) n (j)Hj{EH) = 4'{ir\H)j{EinH)- 
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Moreover, because <& jk = 4>JK x 4>JK, property (ii) follows by quotienting the next 
identity by the group 

^jk{Ujk X 4>ij{Ei)) = im(f)jK y- 4)jK{4>ijiEj)) = im 4>j k 4>ik{Ei) 

= {Uk X 4>ik{Ei)) n (im 4>jk x Ek)- 

Finally, to check property (iv) we first apply |MW2[ Lemma 5.2.5] to the embedding 
4>IJ • UiJ Uj, which satishes the index condition, i.e. identifies kernel and cokernel 
of dsj and ds/ (the latter being pulled back with the covering pij). It implies that 
is an open subset of s'^^{Ei). This openness is preserved in the Fj quotient, since 
Lemma [2T3] applies to the projection s'^^{Ei) —)■ ~ ^ ^i) ~ 

which maps inKpjj to imc/)^^. □ 

If /C is a Kuranishi atlas, then the topological atlas IC also satisfies the cocycle condi¬ 
tions, and hence by |MWll Lemma 2.3.7] there is an intermediate domain category 
with objects Objg^ ;= U/ei/c—^ equal to the disjoint union of the intermediate 
domains, and morphisms 

MorB^ := UicMlJ 

given by the intermediate coordinate changes 4>jj : lJ_jj —>■ U_j, where the identity maps 
4>jj on = lJ_i are included. Thus the source and target maps are 

s X t : JJ_ij -^LLi xUj c Objg^ X Obje^, {I,x) ^ ((/, x), (J,^^^(x))) . 

The following gives the analogous categorical interpretation for the Kuranishi atlas itself. 

Definition 2.3.5. Given a Kuranishi atlas K, we define its domain category B^: to 
consist of the space of objects 

ObjB^:= U €l^,x€Ui} 

and the space of morphisms 

MorB^ := y UijxTj = {(I, J, y, 7) | / C J, ?/€ K/j, 7 G F/}. 
i,JeiK,icJ 

Here we denote Uu := Ui for I = J, and for I ^ J use the lifted domain Uij C Uj of 
the restriction to Fj that is part of the coordinate change ^ij : —s- Kj. 

Source and target of these morphisms are given by 

(2.3.2) (I, J, y, 7 ) G MorB^ ((/, 7"V/j(y)), {J, ^uiv ))), 

where we denote (ju = id. Compositioi^ is defined by 

o {J,K,z, 6) := {l,K,z = ^jKQ>JKiz)), Pu{S)j) 

Note that we write compositions in the categorical ordering here. Moreover, recall that tjjK ■ 
UjK —>■ Uk is the canonical inclusion of the subset Ujk C Uk- We then identify 2 = (j)jfi{(j)jK{z)), 
since composability of the morphisms implies z € pjfi{Uij PI Ujk) and the cocycle condition ensures 
that pjKiUi-J Ujk) is contained in Ujk, where both are considered as subsets of Uk- 
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whenever 5 ^p,jk{z) = (puiy)- 

The obstruction category is defined in complete analogy to Bye to consist of 
the spaces of objects Obj^^ := ^ morphisms 

MorE;c ;= U/cJ,/,JgXk^^'^ x E/ x F/, 
with source and target maps 

{I,J,y,e,j) ^ (^,7“V/j(y),7“^e), {I,J,y,e,j) ^{JAij{y),fij{e)), 

and composition defined by 

{l,J,y,e,j)o[j,K,zJ,6) := {l, K,fJ^{fjKiz)), f, p^j{6)-f) 

for any I d J d K and (y, 6 , 7 ) G Uij x Ej x Tj, {z, f, 5) G Ujk x Ej x Fj such that 
Pui^~^)PJKiz) = hjiy) and <5“V = e. 

Lemma 2.3.6. If K. is a Kuranishi atlas, then the categories Bye, Eye are well defined. 

Proof. We must check that the composition of morphisms in Bye is well defined, has 
identities, and is associative; the proof for Eye is analogous. We begin by checking that 
~ 4’jKi^JK{z)) lies in the lifted domain Uik of ^ik- For that purpose we drop the 
natural inclusions from the notation and note that the composition (l, J, y, 7 ) o 
( J, K, z, (5) is defined only when the target of (/, J, y, 7 ) equals the source of (J, K, z, <5); 
i.e. when y = 5~^pjk{z). So the cocycle condition in Lemma 12.2.131 (ii) implies that 
z G Pjx{dy) is contained in pfx{Uij Fl Ujk) d Ujk, as claimed. This means that 
(I, K, z, p^ij{d)d) is a well defined morphism of By^. Its source is 

{ph{^)l)~^ Pik{z) = l~^p^ij{d)-^pij{dy) = 7"V/j(y), 

which coincides with the source of (l, J, y, 7 ) as required. Finally, the target of the com¬ 
posed morphism, z = 4>iK{4>jKi4>JKiz)) coincides with the target <j)jK{z) of [j,K,z,6). 
This shows that composition is well defined. The identity morphisms are given by 
{I, fix, id) for all x G Ujj := Uj. To check associativity we consider I d J d K d L and 
suppose that the three morphisms (^fiJ,y,'y), {J, K, z,S), (^K, L,w, a) are composable. 
Then we have 

{fiJ,y,l)°[{J,K,z,6)o[K,L,w,a))^ = {l, J,y,d) o [j, L,w, p^jK{cr)6) 

= {fiL,w,p^j{p^jK{cr)6)'y), 

and associativity follows from comparing this expression with 

({fi J,y,l) ° {J, K, z, < 5 ) ) o [K, L,w,a) = (/, K, z, p^jj (d)d) o (K,L,w, a) 

= [fiL,w,p^jK((^)p^ij(^)l)- 


This completes the proof. 


□ 




SMOOTH KURANISHI ATLASES WITH ISOTROPY 


21 


For the rest of this subsection we will make the standing assumption that /C is a 
Kuranishi atlas, i.e. satisfies the cocycle condition (not just the weak cocycle condition). 
Given the categorical interpretation of domains and obstruction spaces of Kuranishi 
charts, we can now express the bundles, sections, and footprint maps as functors. 

• The obstruction category is a bundle over B^; in the sense that there is a functor 

pr^^; : Ex: —>• Bx; that is given on objects and morphisms by projection (I, x, e) i-A (/, x) 
and (I, J, y, e, 7) (/, J, y, 7). 

• The sections sj induce a smooth section of this bundle, i.e. a functor Sx : Bx —t Ex 
which acts smoothly on the spaces of objects and morphisms, and whose composite 
with the projection prx : Ex —> Bx is the identity. More precisely, Sx is given by 
(/, x) !-)> (I, x,s/(x)) on objects and by (/, J, y,7) i-A (I, J, y, ^/(y), 7) on morphisms. 

• The zero sections also fit together to give a functor Ox : Bx —>■ Ex given by (/, x) i-A 
(I, X, 0) on objects and by (/, J, y, 7) i-A (/, J, y, 0,7) on morphisms. 

• The footprint maps V’L give rise to a surjective functor i/^x : := U/ex>c '^7 

X to the category X with object space X and trivial morphism spaces. It is given 

by (/,x) i-A il^i{x) on objects and by {I,J,y,-f) ^ 

morphisms. 

As in |MW1| . we denote by |/C| resp. |^| the realization of the category Bx resp. 
Bx- This is the topological space obtained as the quotient of the object space by the 
equivalence relation generated by the morphisms. The next Lemma fits the quotient 
maps TTx : Obje^^ 1^1’ • Objg^ -t |^|, {I,x) i-A [I,x] 

into a commutative diagram that will allow us to identify the realizations |/C| = \JC\ as 
topological spaces. 


Lemma 2.3.7. If K, is a Kuranishi atlas, then there is a functor yx : Bx —>■ Bx that is 
given on objects by the quotient maps Uj lLj,x i-A x, and on morphisms by the group 
coverings pu together with a quotient, 

UijxTi Ujj, {l,J,y,-f) i-A {l,J, pij{y) ). 


It induces a homeomorphism \pk.\ '■ |^| \Kl\ between the realizations that fits into a 
commutative diagram 


Obj 


Bk; 


\K\ 


Pic 


\pic\ 


Obj 




m- 


Proof. To see that pjc is a functor, recall that (y,7) G Uij x Tj represents a morphism 
from 7“^/9/j(y) to y G Uj. On the other hand, pij{y) = Pjjiu) ^ ILij represents a 
morphism from pij{y) = l~^Pij{y) to 0^^(/9/j(y)) = y, which shows compatibility of 
Pic with source and target maps. Compatibility with composition as in (I2.3.2P follows 
from pjj^iz) = pjj{y) when y = pj^{z). 

Next, any functor such as px induces a map |px| between the realizations that is 
defined exactly by the above commutative diagram. The map |px| is surjective because 
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the functor p/c is surjective on the level of objects. It is injective because pic is surjective 
on the level of morphisms. 

To check that \p!c\ is open and continuous note that \p!c\{U) = 1/ is equivalent to 
= Tr^{V). Since p]c is continuous and open by Lemma [2.1.51 (i), and 
|/C|,|^| are equipped with the quotient topologies, the openness of ?7 C |/C|, TT~j^{U), 
'K~i^{y), and V C |^| are all equivalent. This proves that \pk.\ is a homeomorphism. □ 

Remark 2.3.8. (i) If /C is a Kuranishi atlas with trivial isotropy groups T/ = {id}, then 
the intermediate atlas 1C has the exact same object space and naturally diffeomorphic 
morphism spaces, only the direction of the maps in the coordinate changes are reversed 
from pu : Uij —>■ Uij C Uj to (j)^ j = pjj ■ Ujj Ujj C Uj. In this special case, ^ is a 
Kuranishi atlas in the sense of |MW2| . and Lemma 12.3.71 identifies the atlases and their 
realizations. 

(ii) In general, the spaces of objects and morphisms of the intermediate category are 
orbifolds, and there is at most one morphism between any pair of objects. However, 
just as in the case of trivial isotropy, we do not attempt to make this category into a 
groupoid by formally inverting the morphisms and then adding all resulting composites, 
since doing so would in general give components of the morphism space without orbifold 
structure; c.f. |MW2[ Remark 6.1.7]. This objection does not apply if all the obstruction 
spaces are trivial. It is shown in [Mc3l IMc4] that every such atlas can be completed to 
a groupoid without changing its realization. O 

In complete analogy to Lemma 12.3.71 the obstruction categories 'Etc and of the 
Kuranishi atlas /C and the intermediate atlas JC also fit into a commutative diagram that 
identifies their realizations |E^| = |E^|. Moreover, these two diagrams also intertwine 
the section functors sa;,s^ and their realizations: 


(2.3.3) 


PK 


Objg 


\PK.\ 


K 

TTK 


|/C| 


S/C 


|s/cl 


ObjEK; 


tte, 

' |E 

/cl 


ObjE, ObjB, 


IE 


|skI 


'El 


/Cl 


1^1 


IpkI 


There are analogous diagrams for the projection functors pr^,pry(; and zero sections 
0 a:,0a:, which identify the induced maps between the realizations as stated below. 

Lemma 2.3.9. Let 1C be a Kuranishi atlas. 

(i) The functors pr^^^ : Eye —>■ Bye and pr^ : Eye —?• Bye induce the same continuous 
map 

|pi’/cl ■ |Ek;| —^ 1^1; 

which we call the obstruction bundle of 1C, although its fibers generally do not 
have the structure of a vector space. 

(ii) The zero sections Oye : Bye —>■ Eye, 0^ : B^ —)• E^ as well as the section functors 
Sye : Bye Eye, s/c ■ Eje E^ induce the same continuous maps 

|0/e| = |0^| : |/C| |Eyc|, jsycj = |s^| : \1C\ jEyej, 
which are sections in the sense that |prye| o |0ye| = id|ye| = |pryel ° 
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(iii) There is a natural homeomorphism from the realization of the suhcategory s^^(O) 
to the zero set of \5]c\, with the relative topology induced from \1C\, 

|s-l(0)| = A fer‘(|0Kl) := {[/,!] I |skI(|/,i1) = |0kI(|/,i1)} C |K|. 

Proof. The induced maps on the realizations are identified by commutative diagrams 
such as (j2.3.3l) . The continuity and other identities are proven exactly as in |MW2l 
Lemma 6.1.9] for the case of trivial isotropy. □ 

Next, we extend the notion of metrizability to Kuranishi atlases with nontrivial 
isotropy. In the case of trivial isotropy, recall from [MW21 Definition 6.1.13] that an 
admissible metric is a bounded metric d on the set |/C| such that for each I G the 
pullback metric dj := {j^K^iUiYd on Ui induces the given topology on the manifold Uj. 
However, in the presence of isotropy, it makes no sense to try to pull this metric back to 
Uj since the pullback of a metric by a noninjective map is no longer a metric. Instead, 
we use the fact that the realizations |/C| = |^| of the Kuranishi atlas and its intermediate 
atlas are canonically identified, which allows us to work with admissible metrics on |^|, 
which is the realization of a topological Kuranishi atlas 1C with trivial isotropy and given 
metrizable topologies on the domains K/ = ^Vr^- 

Definition 2.3.10. Let fC be a Kuranishi atlas. Then an admissible metric on |/C| = 
1^1 is a bounded metric on this set (not necessarily compatible with the topology of the 
realization) such that for each I £ Ijc the pullback metric dj := {Trjc\uY*d on U_j induces 
the given quotient topology on U_j = . 

A metric Kuranishi atlas is a pair (fC, d) consisting of a Kuranishi atlas K, together 
with a choice of admissible metric d on |/C|. 

We finish this subsection with two comparisons of our notion of Kuranishi atlas - on 
the one hand with orbifolds, and on the other hand with Kuranishi structures. 

Example 2.3.11. If the obstruction spaces are trivial, i.e. Ej = {0} for all I, then the 
two categories Bx:,Ex: are equal, and their realization is an orbifold. A first nontrivial 
example is a “football” X = with two basic Kuranishi charts (C/ijTi = Z2,'i/’i), 
(C/ 2 ,r 2 = 23 ,^ 2 ) covering neighbourhoods YY—Y northern resp. southern 

hemisphere with isotropy of order 2 resp. 3 at the north resp. south pole. We may 
moreover assume that the overlap 11^2(1^2) = A is an annulus around the equator. 

The restrictions of the basic charts to A are (Ai,Z 2 ) and (A 2 ,Z 3 ), where both Ai = 
annuli, but the freely acting isotropy groups are different. There is no functor 
between these restrictions because the coverings Ai — A A2 —>■ A are incompatible. 
However, they both have functors (i.e. coordinate changes) to a common free covering, 
namely the pullback defined by the diagram 
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i.e. Ui 2 ■■= {{x,y) € x A 2 1 7 ri(x) = 7 r 2 (y)} with group ri 2 := Fi x r 2 = Z 2 x Z 3 . The 
corresponding footprint map ^^12 : t^i 2 —)• 2 ! is the 6 -fold covering of the annulus, and the 
coordinate changes from ([/*,T,,'0i)U to (?Fi 2 ,ri 2 , V’ 12 ) are the coverings 17,^2 := U 12 —>■ 
Ai =: Ui^i 2 in the diagram. Therefore the category in this example has index set 
Xyc = {1, 2,12}, objects the disjoint union morphisms 

(U7ex;,c^/xr,)u(u=i,2C/i2xr,), 

where for i = 1 , 2 the elements in 17i2 x Tj represent the morphisms from Ui to Ui 2 - 
This simple construction does not work for arbitrary orbifolds since the (set theoretic) 
pullback U 12 considered above will not be a smooth manifold if any point in ipi(Ui) fl 
'ip 2 {U 2 ) has nontrivial stabilizer. However, we show in [Mc4| that the construction can 
be generalized to show that every orbifold has a Kuranishi atlas with trivial obstruction 
spaces. O 

Remark 2.3.12 (Relation to Kuranishi structures). A Kuranishi structure in the sense 
of [FQOOi App. A] and |F0001^ consists of a Kuranishi chart Kp at every point 
p G X and coordinate changes —)■ Kp whenever q G Fp, that satisfy a suitable 

weak cocycle condition. Much as in the case of Kuranishi atlases with trivial isotropy (see 
|MW2[ Remark 6.1.15]), a weak Kuranishi atlas in the sense of Definition 12.3.11 induces 
a Kuranishi structure. Indeed, given a covering family of basic charts (Kj)j=i_,,,^Ar with 
footprints F), we may choose a family of compact subsets Cy C F) that also cover X. 
Then we use the transition data (K/,<I>/j) and weak cocycle conditions to obtain a 
Kuranishi structure as follows: 

• For any p G X we define Kp := K/^ \ij^ to be a restriction of K/^, where Ip ■= {i\p G 
Cj}, and Up C is an open subset such that the footprint Fp := ipipisJ^^O) fl Up) is 
a neighbourhood of p and contained in Cii^ipFi'^ Cy. Here we use a more general 
notion of restriction than Definition 12.2.61 in that we allow for a domain Up that is 
invariant only under a subgroup Fp C F/^ such that the induced map ^ 

a homeomorphism to its image. More precisely, to satisfy the minimality requirements 
of |FOOO[ App Al.l], we choose a lift Xp G 7 r“^(p) fl Uj^, set Fp := F^^ to be its 

stabilizer in F/^, and take the domain Up C Uj^ to be a F}^-invariant neighbourhood 
of Xp, which exists with the required topological properties by Lemma 12.1.51 (ii). 

• For q G Fp we have Iq C Ip since by construction F}, D Cy = 0 for i 0 Ip. So we obtain 

a coordinate chang^ 4>gp : Kp ^ Kp from a suitable restriction of to a Fg'^- 

invariant neighbourhood Uqp C Uq of Xq. More precisely, we choose Uqp C Uq small 
enough so that the projection pi^i^ : Up n Uj^j^ — Uj^j^ has a continuous section over 
Uqp. We denote its image by Uqp and thus obtain an embedding ())pp := pJ^j^ ■ Uqp — 

Uqp C Up n Uj^ip. Since the projection pi^i^ induces an isomorphism on stabilizer 
subgroups by Lemma [2T3] (iii), this is equivariant with respect to a suitable injective 
homomorphism hqp : Fg —Fp and induces an injection (j)^^ : U_qp := —>■ U_p := 

® While [FOOO] denotes this coordinate change by ij>pq, we will write ^qp for consistency with our 
notation : Kj —>■ Kj. 
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Since the map U_qp = l^iq ~ ^ homeomorphism to its image 

by construction of U_q above, and similarly for p, we can identify (f>^^ with a 

suitable restriction of the map 4 > underlying the coordinate change in the 

—iqip ^ ^ 

given Kuranishi atlas. The coordinate change = (Uqp,^^) is then given by the 
domain Uqp and the restriction of ^ to Hqp C U_q. 

Further, the weak cocycle condition for JC implies the compatibility condition re¬ 
quired by [FOOPj . namely for all triples p,q,r G X with q G Fp and r G ipq{Uqp fl 
■ 55 ^( 0 )) F Fq Pi Fp, the equality o holds on the common domain 

4 >P^{lLqp) ^ILrp of the maps in this equation. 

• This atlas satisfies the effectivity condition required by |FOOO] only if the action of 
Fp on Up is locally effective in the sense that Sp^(O) has a Fp-invariant open neigh¬ 
bourhood that is disjoint from the interior of the fixed point set Fix( 7 ) C Up for each 
7 G Fp\{id}. 

With this construction, we lose the distinction between basic charts and transition 
charts, and also in general can no longer recover the original transition charts with their 
group actions from the Kuranishi structure. Indeed, |F0001^ works with a “good 
coordinate system” (an analog of our notion of reduction in Definition I3.2.ip . that is 
defined on the orbifold level, i.e. on the level of the intermediate category. Though it 
is not clear how relevant the extra information contained in a Kuranishi atlas is to the 
question of how to define Gromov-Witten invariants for closed curves, it might prove 
useful in other situations, for example in the case of orbifold Gromov-Witten invariants, 
or in the recent work of Fukaya et al [FOOOl^ where the authors consider a process 
that rebuilds a Kuranishi structure from a coordinate system. Further, our categorical 
formulation makes it very easy to give an explicit description and construction for sections 
as in Definition 13.2.41 below. O 

2.4. Kuranishi cobordisms and concordance. 

This section extends the notions of cobordism and concordance developed in |MWll 
§4] and |MW2l §6.2] to the case of smooth Kuranishi atlases with nontrivial isotropy. It 
is a straightforward generalization that can be skipped until precise concordance notions 
are needed in the proof of Theorem 12.5.31 We begin by summarizing the topological 
cobordism notions from |MWll §4.1]. 

A collared cobordism (T, iy,iy) is a separable, locally compact, metrizable space 
Y together with disjoint (possibly empty) closed subsets d^Y, d^Y C Y and collared 
neighbourhoods 

: [0, e) X ^ y, ty : (1 - e, 1] xdY^ ^Y 

for some e > 0. The latter are homeomorphisms onto disjoint open neighbourhoods 
of d^Y C y, extending the inclusions iy(a,-) : d'^Y y for a = 0,1. We call d^Y 
and d^Y the boundary components of (y, iy,/.y). The main example is the trivial 
cobordism y = [0,1] x W with the natural inclusions iy : A" x X —[0,1] x X, where 
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we denote 

:= [0, e) and A\ := (1 — e, 1] for 0 < e < 

Next, a subset C F is collared if there is 0 < <5 < e such that for a = 0,1 we have 
(2.4.1) Fnim(t^)/0 ^ F n im x 

where the intersections with the boundary components d“F := F n d°^Y may be empty. 

In the notion of Kuranishi cobordism, we will require all charts and coordinate changes 
to be of product form in sufficiently small collars, as follows. 

Definition 2.4.1. Let (F, he a compact collared cobordism. 

• Given a Kuranishi chart K" = ([/", F", r“, s", ■0“) for d°‘Y and an open subset 
A C [0,1], the prodnct chart for [0,1] x d'^Y with footprint A x F" is 

AxK^ := {Ax r“,s“opr^.., Ma x V’"), 

where F" acts trivially on the first factor of A x and prjyc : A x —>■ is the 

evident projection. 

• Given a coordinate change = {(l)fj,(f>fj,pfj) : K“ —>■ K" between Kuranishi 
charts for d‘^Y with lifted domain Ufj, and open subsets Aj,Aj C [0,1], the prodnct 
coordinate change {Aj n Aj) x K“ ^ Aj x K" is 

idA^nAj X : (idA^nAj x ^JjAij := 0jj, Ma^hAj x pfj) 

with the lifted domain {Aj D Aj) x Lffj. 

• A Knranishi chart with collared bonndary for (F, iy,ty) is a tuple K = 
{U, E,T, 3,1^) as in Dehnition \2. 2.21 with the following collar form requirements: 

(i) The footprint E CY is collared with at least one nonempty boundary d“F. 

(ii) The domain is a collared cobordisms {U, ifj, whose boundary components d°‘U 
are nonempty iff d^E 0. It is smooth in the sense that U is a manifold with 
boundary dU = d^U U d^U and are tubular neighbourhood diffeomorphisms. 

(hi) If d"F 0 then there is a restriction of K to the bonndary d°‘Y, that is a 
Kuranishi chart d“K = {d^U°‘,E,T,s^,'ijj^) for d“F with the isotropy group F 
and obstruction space F o/K and footprint d“F, and an embedding of the product 
chart Af x d“K into K for some e > 0 in the following sense: The boundary 
embedding is T-equivariant and the following diagrams commute: 

Afxd'^U ^ U (idA- X s“)-i(0) 

s" o prgaf/ I Is idAg X -f/;" I 

E ^ E . X d“F 

• Let K/, Kj be Kuranishi charts for (F, ty, iy) such that only K/ or both K/, K j have 
collared boundary. Then a coordinate change with collared boundary <l>/j : 
K/ ^ Kj with domain lJ_jj satisfies the conditions in Definition 12.2.81 with the 
following collar form requirement: 

(i) The lifted domain Uij C Uj as well as Uij C Ui are collared subsets. 


c-i 


( 0 ) 


IV’ 


F . 
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(ii) If Fj n / 0 then Fj n d^Y / 0 and there is a restriction of to the 

boundary d°‘Y, that is a coordinate change : (9"K/ —>■ d“Kj such that 

the restriction of to Uij H Lfj^{Af x d°‘Ui) pulls back via the collar inclu¬ 
sions to the product coordinate change id^^ x for some e > 0. In 

particular we have 

n {Af X d^Uj) = Afx d^Uij, 
n X d'^Ui) = X d^Uij. 

(iii) If Fj n = 0 but Fj n d°‘Y ^ 0, then Ujj C Uj is collared with d^^Ujj = 0. 

As a consequence we have Ujj fl x d°^Ui) = 0 for some e > 0. 

Definition 2.4.2. A (weak) Kuranishi cobordism on a compact collared cobordism 
(y, ty,iy) is a tuple K, = (K/, of basic charts and transition data as in 

Definition \2.3.1\ with the following collar form requirements: 

• The charts of 1C are either Kuranishi charts with collared boundary or standard Ku¬ 
ranishi charts whose footprints are precompactly contained in Y\(d^Y U d^Y). 

• The coordinate changes $/j : K/ —>■ Kj are either standard coordinate changes on 
Y\{d^Y U between pairs of standard charts, or coordinate changes with collared 
boundary between pairs of charts, of which at least the first has collared boundary. 

We say that JC has uniform collar width 6 > 0 if all domains and coordinate changes 
have the required collar form over intervals A^ of length e > 6. 

Remark 2.4.3. Let /C be a (weak) Kuranishi cobordism on (y, iy,ry). 

(i) JC induces by restriction (weak) Kuranishi atlases d"/C on the boundary components 
d“y for a = 0,1 with 

• basic charts d“Kj given by restriction of basic charts of 1C with L) n d'^Y ^ 0; 

• index set Td‘^K = {I ^ diic \ Fj n d^Y ^ 0}; 

• transition charts (9"K/ given by restriction of transition charts of JC] 

• coordinate changes d“4>7j given by restriction of coordinate changes of 1C. 

(ii) The charts and coordinate changes of 1C induce intermediate charts and coordinate 
changes as in Definition 12.2.31 and Remark 12.2.91 (iii). These fit together to form a 
filtered (weak) topological cobordism 1C in the sense of [MWH Definitions 4.1.12] by 
a direct generalization of Lemma 12.3.41 Its boundary restrictions are the intermediate 
Kuranishi atlases d'^lC = 8°" 1C induced by the boundary restrictions 

(iii) As in |MW1[ Remark 4.1.11] we can think of the virtual neighbourhood |/C| as a 
collared cobordism with boundary components d^\lC\ = |d°/C| and d^\K\ = \d^lC\, with 
the exception that |/C| is usually not locally compact or metrizable. More precisely, if 
1C has collar width e > 0, then the inclusions : A" x Uf “-A Uj induce topological 
embeddings 

: [0,e) x \d^lC\ ^ \1C\, : (1 - e, 1] x \d^K\ ^ |/C| 

to open neighbourhoods of the closed subsets (9"|/C| := ^ c \1C\. 

O 
















28 


DUSA MCDUFF AND KATRIN WEHRHEIM 


With this language in hand, one obtains cobordism relations between (weak) Kuranishi 
atlases in complete analogy with [MWl) Definition 4.1.8] and |MW2t Definition 6.2.10]. 
For the uniqueness results in this paper, the more important notion is the following. 
Here we use the notion of tameness, a refinement of the strong cocycle condition that is 
formalized in Definition 12.5.11 below. 

Definition 2.4.4. Two (weak/tame) Kuranishi atlases KP,IC^ on the same compact 
metrizable space X are said to he (weakly/tamely) concordant if there exists a 
(weak/tame) Kuranishi cobordism 1C on the trivial cobordism Y = [0,1] x X whose 
boundary restrictions are d^lC = /C° and d^lC = Kf. More precisely, there are injec¬ 
tions Y : Z]ca Z]c for a = 0,1 such that im i" — ZQaK^ and we have 

Kf = V/, J G 

Moreover, two metric Kuranishi atlases {KP,do), {}C^,di) are called metric concordant 
if they are concordant as above with 1C a Kuranishi cobordism whose realization |/C| = |X| 
supports an admissible, e-collared metric d in the sense of [MWll Definition 4.2.1] for 
the intermediate cobordism atlas 1C such that d|aa|^| = d^ for a = 0,1. 

2.5. Tameness and shrinkings. 

As in the case of trivial isotropy, we must adjust the Kuranishi atlas in order for its 
realization |/C| to have good topological properties, for example, so that it is Hausdorff 
and has “enough” compact subsets. We essentially already dealt with these problems in 
pWT] by 

• introducing notions of tameness and preshrunk shrinking for topological Kuranishi 
atlases which ensure the desired topological properties of the realization; 

• constructing tame shrinkings of filtered weak topological Kuranishi atlases; 

• proving that tame shrinkings are unique up to tame concordance. 

In order to apply these results to smooth Kuranishi atlases with nontrivial isotropy, 
recall first that we built additivity into the notion of Kuranishi atlas, and showed in 
Lemma 12. ,8. 41 that the resulting intermediate atlases are naturally hltered by (Ejj := 
Uj X 4>jj(Ej)^ The same holds for Kuranishi cobordisms by Remark 12.4.31 (ii). We 
can thus extend the notions of tameness to the case of nontrivial isotropy by working at 
the level of the intermediate category. 

Definition 2.5.1. A weak Kuranishi atlas or cobordism is tame if its intermediate atlas 
is tame in the sense of [MWll Definition 3.1.10], that is for all I,J,K € Z)c we have 

(2-5.1) ILijl^HiK = ILi{jvjk) V/C J,K; 

(2.5.2) ±ij{Uik) = UjK n s/' {Eik) VI C J C K. 

Here we allow equalities between I,J,K, using the notation lJ_jj ■= Ui_ and := Id^^. 

Similarly, a shrinking of a Kuranishi atlas or cobordism will arise exactly from a shrink¬ 
ing (Ufj C ILi) j^Xk: intermediate atlas in the sense of [MWll Definition 3.3.2]. Re¬ 

call here that shrinkings of cobordisms are necessarily given by collared subsets Ufj C U_j. 
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Definition 2.5.2. Let JC = be a weak Kuranishi atlas or cobordism. 

A shrinking of 1C is a weak Kuranishi atlas resp. cobordism K' = 
as follows: 

(i) The footprint cover (-F/)i=i,...,Ar is a shrinking of the cover that is 

F/ C Fi are precompact open subsets so that X = Ui=i n HiG/ 

is nonempty whenever Fj is, so that the index sets Ijc = agree. 

(ii) For each I € Ijc the chart is the restriction of K/ to a precompact domain 
Ufj C U_j as in Definition ] 2.2. 61 

(iii) For each I,j£ Ijc with I F J the coordinate change j is the restriction of 
^jj to the open subset Ufjj := (fjjilL'j) ClUfj as in equation (|2.2.5I) . 

Moreover, a tame shrinking of fC is a shrinking that is tame in the sense of Defini- 
tion \2. 5.71 Finally, a preshrunk tame shrinking of fC is a tame shrinking fC” that is 
obtained as shrinking of a tame shrinking K' of 1C. 

With this language in place, we can directly generalize [MW21 Theorem 6.3.9]. Recall 
here that by [MWll Example 2.4.5] the quotient topology on j/Cj is never metrizable 
except in the most trivial cases. In fact, for any point x G Uij'^Uij where dim 17/ < 
dimC/j the projection does not have a countable neighbourhood basis in j/Cj with 

respect to the quotient topology. So an admissible metric will almost always induce a 
different topology on j/Cj, which we will make no use of in the following statement. 

Theorem 2.5.3. (1) Any weak Kuranishi atlas or cobordism 1C has a preshrunk 

tame shrinking 1C'. 

(ii) For any tame Kuranishi atlas or cobordism 1C', the realizations \1C'\ and lEy^'J 

are Hausdorff in the quotient topology, and for each I G the projection maps 
'^K,' • \^'\ ■ bJ'j X Ej ^ JEa:'! homeomorphisms onto their 

images. 

(iii) For any preshrunk tame shrinking 1C' as in (i), there exists an admissible metric 
on the set \1C'\. If 1C is a cobordism, then the metric can also be taken to be 
collared. 

(iv) Any two metric preshrunk tame shrinkings of a weak Kuranishi atlas are metric 
tame concordant. 

Proof. Since tameness, shrinking, and admissible metrics are all defined on the level 
of intermediate atlases, and we are only concerned with homeomorphism properties 
of the intermediate projections, we can simply quote in the case of Kuranishi atlases 
[MWl] Proposition 3.3.5] for (i), [MWll Proposition 3.1.13] for (ii), and [MW1[ Proposi¬ 
tion 3.3.8] for (iii). Moreover, [MWll Proposition 4.2.3] proves (iv) as well as (i), (iii) for 
Kuranishi cobordisms, and (ii) for cobordisms is established in [MW1[ Lemma 4.1.15]. 

□ 

3. From Kuranishi atlases to the Virtual Fundamental Class 

In this section, 113.11 discusses orientations, ^3.21 establishes the notions of reductions 
and perturbations. The main result here is Theorem 13.2.81 which shows that the zero 
set of a suitable perturbation -|- u of the canonical section Sjc has the structure of 
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a compact weighted branched manifold. The construction of such perturbations is de¬ 
ferred to Proposition 13. 3. 31 and is followed by the construction of VMC and VFC in 
Theorem 13.3.51 


3.1. Orientations. 

This section extends the theory of orientations of weak Kuranishi atlases from |MW2l 
§8.1] to the case with nontrivial isotropy. Since we use the method of determinant 
bundles, we first need to generalize the notions of vector bundles and isomorphisms. 

Definition 3.1.1. A vector bnndle A = ^ weak Kuranishi 

atlas JC consists of local bundles and compatible transition maps as follows: 

• For each I G Ijc a vector bundle A/ —>■ Ui with an action ofTj on A/ that covers the 
given action on Uj. 

• For each I <Z J a Tj-equivariant map ffj : Aj that is a linear 

isomorphism on each fiber and covers the embedding (pjj : Ujj Uj. Flere Tj = 
T/ X Tj^j acts on p*jj{Aj\ujj) —>■ Uij by the pullback action o/T/ together with the 
natural identification of the fibers of p*jj{Ai\ifjj) along T j^j-orbits in Ujj. 

• For each I F J <Z K, we have the weak cocycle condition 

= 4>jk ° PjKi4>u) 

A section of a vector bundle A over JC is a collection of smooth Vj-equivariant sections 
a = (cT/ : Uj —7> that are compatible with the pullbacks p*^j and bundle maps 

in the sense that there are commutative diagrams for each I F J, 




— Phi^ilurj) 



Aj 


O'/ 




Uij - Uij 


4>ij 


o-j 

Uj. 


Definition 3.1.2. //A = f'fj)i j^x^ is a bundle over 1C and A F [0, 1] is an interval, 

then the product bundle A x A over A x 1C is the tuple (A x A/,idA x 4^fj)ij^Xic' 
Here and in the following we denote by Ax Aj ^ Ax Ui the pullback bundle of Aj —Uj 
under the projection piu^ : A x Uj ^ Uj. 

Definition 3.1.3. A vector bundle over a weak Kuranishi cobordism 1C is a 

collection A = (A/, 4>fj)j of vector bundles and bundle maps as in Dehnition AH.l.R 
together with a choice of isomorphism from its collar restriction to a product bundle. 
More precisely, this requires for a = 0, 1 the choice of a restricted vector bundle 
= (A? ^ d^Ui,fijf) I JgXqcic d^lC, and, for some e > 0 less than the 

collar width of 1C, a choice of lifts of the embeddings if for I G to Tj-equivariant 

bundle isomorphisms : A“ x A" —>• such that, with A := A" and p*if’^ := 
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p*j o o (idA X (pfj)*) the following diagrams commute 


-A,q: 

A X Aj ^ 

A X d^Uj C Uj 


p*h'' 


^ ^ ^ P/j(^Iif (Axd<^Uij)) 


idAX(pff 


Ax AJ 


-A,( 

‘'J 


A 

Pij 


■A 


J |im 


A section of a vector bundle A over a Kuranishi cobordism as above is a compatible 
collection [aj : Uj -A- of equivariant sections as in Definition \3.1.1\ that in 

addition have product form in the collar. That is we require that for each a = 0,1 there 
is a restricted section a\gaic = {erf : daUj -A A“)/gXg^^ of A\gaic such that for e > 0 
sufficiently small we have {li)*(Ji = idA^ x af. 

In the above definition, we implicitly work with an isomorphism {zf’°‘)i^Xga^, that sat¬ 
isfies all but the product structure requirements of the following notion of isomorphisms 
on Kuranishi cob or disms. 


Definition 3.1.4. An isomorphism ih : A —>■ A' between vector bundles over K, is 
a collection {^j : A/ —)• Aj)/gx^ of Ti-equivariant bundle isomorphisms covering the 
identity on Ui, that intertwine the transition maps, i.e. f^jo p*jj{^j) = ^j o for 

all I C J. 

If 1C is a Kuranishi cobordism then we additionally require 'h to have product form in 
the collar. That is we require that for each a = 0,1 there is a restricted isomorphism 
= {^f ■ ^'f‘)i£XgaK: from Al^cyg to A'\gajQ such that for e > 0 sufficiently 

small we have {l'j)^'°‘ o (idA x 'h") = '^i o 1^’“ on Af x d°‘Ui. 

Note that, although the compatibility conditions are the same, the canonical section 
SiC = {si '■ Ui -a Ei)i^Xk: of a- Kuranishi atlas does not form a section of a vector bundle 
since the obstruction spaces Ej are in general not of the same dimension, hence no bundle 
isomorphisms ffj as above exist. Nevertheless, we will see that, there is a natural bundle 
associated with the section S/c, namely its determinant line bundle, and that this line 
bundle is isomorphic to a bundle constructed by combining the determinant lines of the 
obstruction spaces Ej and the domains Uj. 

Remark 3.1.5. If A is a bundle over a Kuranishi atlas JC (rather than a weak atlas), then 
it is straightforward to verify that the union U/Aj of the local bundles form the objects 
of a category with projection to the Kuranishi category B^. We did not formulate the 
above definitions in this language since orientations in applications to moduli spaces (e.g. 
Gromov-Witten as in |MW3| i will usually be constructed on a weak Kuranishi atlas, 
which does not form a category. O 

Here and in the following we will exclusively work with finite dimensional vector 
spaces. First recall that the determinant line of a vector space V is its maximal exterior 
power A™^^ V := V, with {0} := M. More generally, the determinant line of 

a linear map D : V ^ W is defined to be 

(3.1.1) det(D) := A“^" kei D 0 (A“^" {^^ 0 ))*- 
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In order to construct isomorphisms between determinant lines, we will need to fix various 
conventions, in particular pertaining to the ordering of factors in their domains and tar¬ 
gets. We begin by noting that every isomorphism F :Y ^ Z between finite dimensional 
vector spaces induces an isomorphism 

(3.1.2) y A A”- Z, yi A ... A ^ F{yi) A ... A F{yk). 

For example, the fact that 'j o sj := sj o 'j : Uj ^ Ej for all 7 G F/ implies that 

(3.1.3) 7A := Ad,„.y 0 (A[.^]-i)* : det(da;S7) det(d.y3;S7) 

is an isomorphism, where [ 7 ] : ^Vcokerd si ^Vcokerd si induced map. Further, 

if / C J and x £ l/jj is such that pij{x) = x, then because 

Si o pij =: sij : Uij El 

the derivative d^pij ■ her ds/j —> ker ds/ induces an isomorphism 

Ad-pjj ( 8 ) Aid : det(d5rS7j) det(da,S7) 
and composition with pullback by pu defines an isomorphism 

(3.1.4) Pij{x) : det(dsS7j) /9jj(det da;S/). 

Further, it follows from the index condition in Definition 12.2.81 that with y := (j)ij{x) the 
map 

(3.1.5) Aij{x) := O : det(dss/j) ^ det(dj^sj) 

is an isomorphism, induced by the isomorphisms d(j)ij : kerds/j —>■ kerdsj and [ 0 /j] : 
Aimdsj ^Vimdsj- therefore define the determinant bundle det(sx:) of a 

Kuranishi atlas. A second, isomorphic, determinant line bundle det(/C) with fibers 
A'^^^TxUj 8 ) (A™^^F1/)* will be constructed in Proposition 13.1.131 

Definition 3.1.6. The determinant line bundle of a weak Kuranishi atlas (or cobor- 
dism) K, is the veetor bundle det(sx:) given by the line bundles 

det(ds/) ;= |J det(da;S/) Uj for I £ I/c, 

X&Jj 

with F/ actions given by the isomorphisms of (j3.1.311 . and the isomorphisms (f>fj{x) := 
Aijfx) o Pjj(x)~^ in (I3.1.4P and (|3.1.5p for I F J and x £ Uij. 

To show that det(syc;) is well defined, in particular that x i-A Ajj{x) is smooth, we 
introduce some further naturall isomorphisms and fix various ordering conventions. 

• For any subspace V CV the splitting isomorphism 

(3.1.6) A”“ V ^ A’^^^ V' 8 A”'^^ (%,) 

is given by completing a basis ui,...,of P' to a basis vi,... ,Vn of V and mapping 
Vi A ... /\ Vn 1 -^ (vi A ... /\Vk} 0 ([ffc-ki] A ... A [u„]). 

® Here a “natural” isomorphism is one that is functorial, i.e. it commutes with the action on both 
sides induced by a vector space isomorphism. 
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• For each isomorphism F :Y ^ Z the contraction isomorphism 

(3.1.7) CF : A M, 

is given by the map (yi A ... A (g) ry i-A y (F’(yi) A ... A F{yk)). 

• For any space V we use the duality isomorphism 

(3.1.8) ^ (A”"’“y)*, UiA---A< ^ (viA-'-AVn)*, 
which corresponds to the natural pairing 

n 

Ama^ y ^ A M, (ui A • • • A u„) ® (yi A • • • A y„) ^ r/i(vi) 

i=l 

via the general identification (which in the case of line bundles A, B maps y 7 ^ 0 to a 
nonzero homomorphism, i.e. an isomorphism) 

(3.1.9) Hom(A( 8 )S,E) ^ Hom(5,A*), Hi —^ {b^ H{-®b)). 

Next, we combine the above isomorphisms to obtain a more elaborate contraction iso¬ 
morphism. 

Lemma 3.1.7 (Lemma 8.1.7 in |MW2j ). Every linear map F : V ^ W together with 
an isomorphism cj) : K ^ ker F induces an isomorphism 

(3.1.10) 4 : A“’“y(g) (A“’“VF)* A (A“^^(%(y)))* 

given by 

{vi A . . .Vn) ® {wi A . . . Wm)* '-S' A . . . (t>~^{Vk)) (g) ([tCl] A . . . [Wm-n+k])*, 

where vi,... ,Vn is a basis for V with span(ui, ..., Vk) = ker F, and wi,..., Wm is a basis 
for W whose last n — k vectors are Wm-n+i = F{vi) for i = k + 1,... ,n. 

In particular, for every linear map D ■. V ^ W we may pick f as the inclusion 
K = ker D ^ V to obtain an isomorphism 

■■ A^^L® A det(L>). 

Remark 3.1.8. If F is equivariant with respect to actions of the group F on 17, IF and 
we equip K with the induced F action so that (p is also equivariant, then the above 
isomorphism is equivariant with respect to the action of F on A™'^ V ® (IF) * 
given by the maps <S> (A..^-i)* on A™’^ V ® VF)* and by the corresponding maps 

A^ ® (A[..j,]-i)* on A™^^ AT ® ('^/f(h)))*’ where Aj..^] is as in (13.1.31) . ^ 

With these notations in hand, we can now prove one of the main results of this section. 

Proposition 3.1.9. For any weak Kuranishi atlas, det(sx:) is a well defined line bundle 
over K.. Further, if K. is a weak Kuranishi cobordism, then det(syc) can be given product 
form on the collar of JC with restrictions det(sx:)|ya^ = det(saQjc) for a = 0,1. The 
required bundle isomorphisms from the product A’f x det(sgaj^;) to the collar restriction 
(i“)* det(Sjc) are given in (j3.1.12|) . 
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Proof. We use the same local trivializations of det(ds/) as in the proof of the analo¬ 
gous result [MW21 Proposition 8.1.8] for trivial isotropy, and must check that these are 
compatible with the isotropy group actions and coordinate changes. We will begin by 
defining these trivializations, referring to |MW2] for many details of proofs. 

Let xo E Uj, and denote its stabilizer subgroup in P/ by P*®. Take a subspace of 
Ej that covers the cokernel of da;^^/, sweep it out to obtain a rj°-invariant subspace 
E' C Ej, then choose an isomorphism = E' and equip with the pullback action 
of Pj® denoted ( 7 , v) 1 -^ 'J-xoV- The resulting equivariant map Rj : (M^, ^ {Ej, T"]^®) 

covers the cokernel of dxSj for all x in some neighbourhood O of xq- 

Thus da:S 7 © Rj is surjective for x € O, and as in equation (8.1.9) of [MW2] we may 
define a trivialization of det(ds/)|o as follows: 

fi^x : ker(da,s/ © Ri) det(da;S 7 ) 

(3.1.11) TiA...AT„ I—(xi A .. .Xfc) © ([i?/(ei)] A ... [i?/(eAr_„+fc)])*, 

where Uj = (xj, Xj) is a basis of ker(da;S/ © Ri) C TxR/ x such that xi,..., x^ span 
ker dxSj (and hence xi = ... = = 0), and ei,..., cat is a positively ordered normalized 

basis of (that is ei A ... cat = 1 E M = such that Ri{eN-n+i) = dxSi{vi) 

for i = k + 1,... ,n. In particular, the last n — k vectors span imda;^/ Himi?/ C S/, and 
thus the hrst N — n + k vectors [i?/(ei)],..., [Ri{eN-n+k)] span the cokernel '^Vimd sj ~ 
s^nimRj- prove in [MW21 Proposition 8.1.8] that these trivializations do not 

depend on the choice of injection Ri : —)■ Ei. In other words, if R'j : —)■ E^ is 

another Pj-equivariant injection that also maps onto the cokernel of d^oSj, then there is 
a bundle isomorphism 

T : A™®""" ker(ds/ © Ri)\o —>■ A™^’^ ker(ds/ © R'j)\o 

which is necessarily Pj-equivariant and such that Tj = TjoT. Thus det(ds 7 -) is a smooth 
line bundle over Uj for each I E X/c- 

It remains to check that the action 7 E P/ on 

det(ds/) = A”’^ (ker ds/) ©A““ (coker ds/)* 

is smooth. We prove this by choosing suitable trivializations near xq and 7 x 0 and 
then lifting the action of 7 to a smooth action on the domains ker(ds/ (B Ri) of the 
trivializations. To this end, first consider the trivialization Tj^x defined near xq E Ui by 
a P):'’-equivariant injection Rj : (M^,r'^‘’) ^ {Ej,T^°), and for 7 E P/ the associated 
trivialization Tj defined near 7 x 0 E Uj by 

R'j ■.= ^oRj: (E'^,rf°) ^ {Ei,TY°), 

where (E-^,r):°) denotes E^^ with the r):°-action 6 : v 6 -xq v and (E'^jPj^®) denotes 
E-^ with the -action 

(5' : X i-A (5' -yxo V := -xq x. 










SMOOTH KURANISHI ATLASES WITH ISOTROPY 


35 


which is well defined because conjugation by 7 defines an isomorphism —>■ 

6 ' i-A Then R'j = j o Rj is rj*“-equivariant because when S' € 

7x0 v) = -xo v) = 'yRi{j~^S’-f •a;o v) = -f{-f~^d'j)Ri{v) 

= 77“^(5^7ii/(u) = 5 ''yRj{v) = 6 ' o R'j{v), 

where the fourth equality holds because the full group F/ acts on Ej. Thus the diagram 


(M^,Ff) {Ei,rf] 


(id,c^ ) 


pAT 


,rr) 


(R'jM) 






commutes; in other words, the action of the element 7 G Fj on Ei lifts to the identity 
map of Hence the definition (13.1.111) of the maps Tj^x implies that the following 
diagram commutes 


^max ^ker(da;S/ © Rj)) 




det dxSi 

Ad,^«)(A[^_i])‘ 


R'l,! 


^max ^ijer(d-j, 3 ;S/ © R'l)) ^ det d.ya;S/- 


Since the map is smooth, so is 7 a := © (A[..y-i])*. Thus det(ds/) is a 

F/-equivariant smooth line bundle over Uj for each I G X^. 

Next note that because Fj^/ acts freely on Uij, the stabilizer subgroup Fj° of a point 
To £ Pjj i^o) is taken isomorphically to F*° by the projection p^j : Fj —>■ F/. For 
simplicity we will identify these groups. Since s/j : Uij —>■ Ej is the composite sj o pu, 
we may therefore trivialize the bundle det(djs/j) near xq G pjj{xo) by using the same 
injection Rj : Ej, now considered as a Fj^-equivariant map. Since the diagram 


^max (^ljer(d3;S7 © Rl)) 


Ti.-. 


Apjj®(Aid)* 
■ det d^s/ 


commutes, the isomorphism Pij{x) : det djs/j —)• det dxSj of p.l.4p is smooth. Moreover 
the equivariance of the covering map pu : (C//j,Fj) — {Uij,Ti) and the identity s/ o 
pjj = sjj : Uij Ej imply that it is equivariant. Therefore, to complete the proof that 
the transition maps (pfj are smooth, we must check that the map 

A/j(T) := : det(dss/j) ^ det(dj^sj) 

in (13.1.51) is equivariant and smooth. Its equivariance follows from the equivariance of 
its constituent maps i^/j and (pij. To see that it is smooth, it suffices to show that 
the composite Aij{x) := Aij{pjj(x)) is smooth in some neighbourhood O of xq G Ujj 
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where pjj : O —)• Ujj is a local inverse for the covering map pjj. But if we define 
(puix) := ^ij{pjj{x)) : O ^ Uj, then Aij{x) = ® is identical to 

the map of the same name in [MW2[ equation (8.1.11)], so that smoothness follows by 
the Claim proved as part of |MW2[ Proposition 5.1.8]. This completes the proof that 
det(s;<;) is a vector bundle over 1C. 

In the case of a weak Kuranishi cobordism K,, Proposition 8.1.8 in [MW2j also con¬ 
structs smooth bundle isomorphisms from the collar restrictions to the product bundles 
A" X det(s9a^) of the form 

(3.1.12) := o Ai) C) (Aid^J* : A" x det(da;S?) det(d,«(,j._t)S/), 

where Ai : kerda;s“ —>■ (M x kerd 3 ;s "),?7 i—>■ 1 A p. These are equivari- 

ant because they are induced by the equivariant map and are compatible with the 
coordinate changes because the collar embeddings if are. This completes the proof. □ 

We next use the determinant bundle det(sx:) to define the notion of an orientation of 
a Kuranishi atlas. 


Definition 3.1.10. A weak Kuranishi atlas or Kuranishi cobordism K, is orientable if 
there exists a nonvanishing section a of the bundle det(sx:) (i.e. with cj)~^(0) = 0 for all 
I € Ijc)- An orientation of JC is a choice of nonvanishing section a o/det(syc). An 
oriented Kuranishi atlas or cobordism is a pair {1C, a) consisting of a Kuranishi 
atlas or cobordism and an orientation a of 1C. 

For an oriented Kuranishi cobordism {1C, a), the induced orientation of the bound¬ 
ary (9“/C for a = 0 resp. a = 1 is the orientation of 


d^a := 


•'A.ClX—1 Q;'' 

^7 ) oajotj^ 




I 


given by the isomorphism {lf’^)i^Xgaic in (|3.1.12p between a collar neighbourhood of the 
boundary in 1C and the product Kuranishi atlas A" x followed by restriction to the 
boundary = d“(A“ x d’^fC), where we identify {a} x d'^Ui = d°‘Ui. 

With that, we say that two oriented weak Kuranishi atlases {lC^,a^) and {K},^^) are 
oriented cobordant if there exists a weak Kuranishi cobordism 1C from /C® to and 
a section a of det{5jc) such that d'^a = cr" for a = 0,1. 


Remark 3.1.11. Here we have defined the induced orientation on the boundary d°‘lC of 
a cobordism so that it is completed to an orientation of the collar by adding the positive 
unit vector 1 along A“ C M rather than the more usual outward normal vector. In 
particular, by formula [MW21 (8.1.12)] ryi,..., is a positively ordered basis for FxUf 
exactly if 1, ryi,..., is a positively ordered basis for T 3 ;(A“ x Uf). O 

Lemma 3.1.12. Let {1C, a) be an oriented weak Kuranishi atlas or cobordism. 

(i) The orientation a induces a canonical orientation o-\ic/ := (<7/|c/')/ gI;c' 
shrinking 1C' of 1C with domains {U'j C 

(ii) In the case of a Kuranishi cobordism 1C, the restrictions to boundary and shrink¬ 
ing commute, that is {(y\K’)\d°‘K’ = (<7|a“A;)la“A;'• 
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(iii) In the case of a weak Kuranishi atlas JC, the orientation a on 1C induces an 
orientation on [0,1] x 1C, which induces the given orientation = a 

of the boundaries 9“([0,1] x /C) = /C for a = 0,1. 


Proof. See the proof of Lemma 8.1.11 in [MW2] . 


□ 


As in [MW2| . in order to orient the zero sets of a perturbed section Sjc + n we will 
work with a “more universal” determinant bundle det(/C) over 1C that is constructed 
from the determinant bundles of the zero sections in each chart. Since the zero section 
0 ^ does not satisfy the index condition, we need to construct different transition maps 
for det(/C), which will now depend on the section s^. For this purpose, we again use 
contraction isomorphisms from Lemma (3. 1.71 On the one hand, this provides families of 
isomorphisms 


(3.1.13) Cd.,, : A det(d,s/) for x € t//, 

which, by Remark 13.1.81 are equivariant with the respect to the action of 7 E F/ on 
AmaxT^y^ O given by 

(3.1.14) 7 A ;= Ad,,.^ ® (A.^-i)* : A”’^ T,,Ui 0 (A”’^" Ej)* ^ A”“ T.y^Ui ® (A“^" Ej)* 

and the corresponding action on det(da;S/) in equation (j3.1.3p . 

On the other hand, recall that the tangent bundle condition ()2.2.3jl implies that dsj 

restricts to an isomorphism ^ h ~ 4’ljix)- 0 Therefore, 

if we choose a F j-equivariant smooth normal bundle Njj = 

the submanifold im</>/j C Uj, then the subspaces dySj{Njj^y) form a smooth family 
of subspaces of Ej that are complements to (f)jj{Ej). Hence letting pr^^^(y) : Ej —>■ 

dySj{Njj^y) C Ej be the smooth family of projections with kernel (j)ij{Ei), we obtain a 
smooth family of linear maps 

Fx ■= P^Nijiv) ■ Fyllj — ^ Ej ioi y = '^ij{x) 

with images imFj = dySj{Nij^y), and also isomorphisms to their kernel 


(l>x ■= ■ FjEfjj —^ kerFj = Ty(im(/)/j) C TyJJj. 

By Lemma l3 .1. 71 these induce isomorphisms 




(^a.Y)' 


We may combine this with the isomorphism A’^’^^T^Ujj —)■ / 3 |j(A™’“ induced 

by dxPij, where x := pij{x), and the dual of the isomorphism A™^^ (^Vd sj{Nij )) ~ 
A'^^^ Ej induced via (13.1.21) by pr^^^(y) o cfjj : Ej — > ®Yd sj{Nij ) obtain for each 
X E Ujj an isomorphism 


(3.1.15) Cij{x) : A'^^^TyUj®{A^‘^^Ejy A p^j(A”“T,,17/) ® (A”'^^ A* 


' Here and subsequently, we will distinguish between the manifold Uij and its image im (jjij in Uj, 
denoting points of Uij by x, with y = 4>ij{x) G Uj and x = pij{x) G Uij. 
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with 


y ;= 0/j(x), X := pij{x), 


given by the composite of Cp'l with the map 

® (a”“ (^VimF^.))* ^ 0 Ej)*. 

Proposition 3.1.13. (i) Let K be a weak Kuranishi atlas. Then there is a well 

defined line bundle det(/C) over K. given by the line bundles Af := A'^^^TlIj 0 
(Amax^^^* _>■ Ui for I G Ijc, with group actions as in (|3.1.14l) and the transition 
maps ^ 7 ] : plj{Af\ujj) ()3.1.15p for I C J. In particular, the 

latter isomorphisms are independent of the choice of normal bundle Njj. 

Furthermore, the contractions Gidsj : A^ —)> det(ds 7 ) from (13.1.131) define an 
isomorphism := {^dsj) from det(/C) to det(sA:). 

(ii) If K. is a weak Kuranishi cobordism, then the determinant bundle det(/C) defined 
as in (i) can he given a product structure on the collar such that its boundary 
restrictions are det(/C)|aa^ = det((9"/C) for a = 0 , 1 . 

Further, the isomorphism 4'®'^ : det(/C) det(s;<;) defined as in (i) has prod¬ 
uct structure on the collar with restrictions 'I'®'^| 9 a^ = for a = 0, 1 . 

Proof. To begin, note that each A^ = A™*™ Tt /70 (A™'^^ Ej) * is a smooth line bundle over 
Uj, since it inherits local trivializations from the tangent bundle TUi —>■ Ui. Moreover 
the action of T/ on [// x Ej induces a smooth action on A^ given by (I3.1.14P that covers 
its action on Uj. Thus A^ —> t// is a smooth Tz-equivariant bundle. We showed in 
[MW21 Proposition 8.1.12] that the isomorphisms from ()3.1.13p are smooth in this 
trivialization, where detpds/) is trivialized via the maps as in Proposition 13.1.91 
Since Glds/ is equivariant, we can define preliminary transition maps 

(3.1.16) fifj := o Ajj o phi^dsj) : phi^flujj) ^ A^ for / C J € 

by the transition maps (13.1.51) of det(sA:), the isomorphisms (13.1.131) and the pullback by 
pij. These define a line bundle A^ := (^Af,(j)fj^j Jgx^ weak cocycle condition 

follows directly from that for the A/j. Moreover, this automatically makes the family of 
bundle isomorphisms := {^dsj) j^X/c isomorphism from A^ to det(Sj<;). It remains 
to see that A^ = det(/C) and i.e. we claim equality of transition maps 

4>fj = C7j- This also shows that ^jj and thus det(/C) is independent of the choice of 
normal bundle Njj in (13.1.151) . 
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So to finish the proof of (i), it suffices to establish the following commuting diagram 
at a fixed x G Uij with x = pijix),y = 4>ij{x), 


(3.1.17) 


Amax ^ ^A”^^ Ei) * - — 

PIJ 


det(da:S/) 

Pij 

p*jj{det{da^si)) 


A^^^TyUj ^ Ej)* 


£d 


y^j 


det(dj;Sj). 


However, the composition y i-A pijo(tij{(l)jj {x)) of the lefthand vertical maps is precisely 
the map denoted by y i-A €ij{x) in equation (8.1.15) of [MW2] . while, as in the proof of 
Proposition 13.1.9] above, the right hand vertical maps combine to Ajj{x) = A{pjj{x)) : 
det(d 3 ;S/) —)■ det(dj^sj), where pjj is a local inverse to pij. Therefore the desired result 
follows from the commutativity of the following diagram: 


A^^T^Ui ^ {A^^ EiY 




det(dxS/) 


TyUj ( 8 ) (A”'^" Ej)* det(dysj). 


which is established in |MW2l Proposition 8.1.12]. 

For part (ii) the same arguments apply to define a bundle det(/C) and isomorphism 
The required product structure on a collar follows as in |MW2| . This completes 
the proof. □ 


We end this section by explaining how orientations of a Kuranishi atlas induce com¬ 
patible orientations on local zero sets of transverse sections. 

Lemma 3.1.14. Let (/C, u) be a d-dimensional oriented, tame Kuranishi atlas/cobordism, 
and for some I £ Ifc let f : W ^ Ej be a smooth seetion over an open subset W C Uj 
that is transverse to 0. 

(i) The zero set Zf := /“^(O) C Uj inherits the structure of a smooth oriented 
d-dimensional submanifold. 

(ii) The action of any 7 G P/ on Uj induces an orientation preserving diffeomor- 
phism Zf —>■ Z-^^,f to the zero set of 'f*f : 7 ( 1 F) —>■ Ej, x i-)- 7 /( 7 ~^(a;)). 

(hi) Suppose in addition that f{W) C (fniiEn), Whi ■= WHUhi / 0, and Phi\^^^ 
is injective for some H C I. Then pni induces an orientation preserving dif- 
feomorphism Zf —>■ Zp^j^f to the zero set of pHi*f ■ PHiiW) —)■ Eh,x i-a- 

(iv) If 1C is a cobordism, suppose in addition that K/ is a chart that intersects the 
boundary d°‘lC, with W = t"(A" x VF“) for some VF“ C 5“VF, and f{if{t,x)) = 
/“(x) for some transverse section /“ : VF“ —>■ Ej. Then (5“/C,c1“(t) induces an 
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oriented smooth structure on Zfa c VF" by (i), Zf C Uj is a submanifold with 
boundary and jf := Li{a, •) is a diffeomorphism Zfa —)• dZj that preserves resp. 
reverses orientations in case a = 1 resp. a = 0. 

Proof. Except for (ii) these local claims follow directly from the corresponding parts of 
the proof of |MW2l Proposition 8.1.13]. For (iii) note that the injectivity assumption 
allows us to write pHi*f = 4>*Hif embedding cfni '■ Phi{Whi) W. Before we 

can prove (ii), recall that the orientation on Zf is induced from the orientation of the 
Kuranishi atlas/cobordism aj : Uj ^ det(ds/) via the isomorphisms for z £ Zf 

Zf = A”’“kerd^/ ^ A““kerd^/®M = det(d^/), 

Cd,/ : det(d,/) ^ A^^^T,Ui^{A^^^Eiy, 

: det(d,s,) ^ (A““E,)*. 

Now to prove that 7 € P/ acts by an orientation preserving diffeomorphism, note that a 
smooth group action always acts by diffeomorphisms. Restriction to Zf of the action by 
7 € P/ thus yields a diffeomorphism to its image, which is easily seen to be the zero set 
of 7 */. To show that this diffeomorphism is compatible with the induced orientations 
at z £ Zf and 'yz £ Zy^f, we begin by noting that the action of 7 is Ad^-y : A™®'^ —>■ 

On the other hand, the orientations ^[{z) and aji^z) are by assumption 
intertwined by the isomorphism Ad^^ < 8 ) (A[..y-i])* : detd^s/ —)• detd.^^^/, and by Proposi¬ 
tion [3TT3] (i) this implies that their pullbacks to Z> for x = z,^z 

are intertwined by Ad^^-,. (A..y-i)*. Thus it remains to prove that the following diagram 

commutes: 


Amax T^fj^ (g, (Amax^^)* 

A^^^TyzUi ^ (A^^^Ej)* 




^d^ 2 (T»/) 


Amax ker(d^/) 


A“- ker(d.,,( 7 */)) 


M ^ A^^^TzZf 

^dz7®idll 

( 8 )M ^ A^^^T^zZ. 




By Lemma [3.1.71 Cd^/ is given by (ui A ... Vn) 0 {wi A ... Wm)* ^ (f 1 A ... Vk), where 
vi,... ,Vn is any basis for TzUj whose first k elements span ker d^f, and wi,..., Wm is 
a basis for Ej, and similarly for £d 2 ( 0 */)- Therefore, if we denote u' := d^ 7 (fj) and 
Wj := 'ywj, we find that (A.^-i)*(t(;i A ... Wm)* = {wy A ... and thus the diagram 
commutes as required, 

(^d 27 0 A . . .Un) 0 (w;i A . . . Wm)*)) 

= ((^'1 A ... O 0 (u;; A ... w'm)*) 

= {v[ A . . . v'f.) = Ad^y{vi A . . . Vn) = Ad^y{€A^f{{vi A . . .Vn) ® {wi A . . .Wm)*))- 
This completes the proof. □ 


3.2. Perturbed zero sets. 

With Theorem l2.5.3l Droviding existence and uniqueness of tame shrinkings, the second 
part of the proof of Theorem A is the construction of the VMC/VFC from the zero 
sets of suitable perturbations 5^: + of the canonical section sjc of a tame Kuranishi 
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atlas or cobordism. In this section, we describe a suitable class of perturbations p, 
and prove that the corresponding perturbed zero sets are compact weighted branched 
manifolds - a notion from [Mclj that we review in Appendix |Al The existence and 
uniqueness of such perturbations will be established in as part of the perturbative 
construction of VMC and VFC. The main work is done by the setup in this section, 
which will put us into a situation in which the construction of perturbations and the 
resulting VMC/VFC can essentially be copied from [MW2j . Since the construction of 
perturbations requires tameness and the notion of weighted branched manifolds requires 
an orientation in [Mclj . we will - unless otherwise stated - work with an oriented tame 
Kuranishi atlas or cobordism 1C. 

As in the case of trivial isotropy, one cannot in general find transverse perturbations 
s/ + iti 0 that are also compatible with the coordinate changes Instead, we will 
construct perturbations over the following notion of a reduced atlas that still covers X 
but generally does not form a Kuranishi atlas. 

Definition 3.2.1. [MWli Definition 5.1.2] A (cobordism) reduction of a tame Ku¬ 
ranishi atlas/cobordism 1C is an open subset V = \_\j^2;^Vi C Objg^ i.e. a tuple of 
(possibly empty) open subsets Vj (Z Uj, satisfying the following conditions: 

(i) Vj = for each I € Z]c, i.e. Vj is pulled back from the intermediate 

category and so is Tj-invariant; 

(ii) Vj C Uj for all I G Ifc, and ifVi/lb then Vj n s7^(0) / 0/ 

(hi) if F TTici^j) / 0 then I C J or J C I; 

(iv) the zero set iic{X) = |s^|“^(0) is contained in 7r^(V) = U/eiK 

If 1C is a cobordism, then we require in addition that V is collared in the following sense: 

(v) For each a G {0, 1} and I G Id<=‘ic C Ijc there exists s > 0 and a subset d°^V[ C 

d“[// such that d°‘Vi / 0 iffViCl / 0, and 

n X d^Ui) = A“ X d^Vj. 

We call := U/eigo^: ^ boundary restriction ofV to 

Remark 3.2.2. (i) The notion of (cobordism) reduction is equivalent to saying that 
V := •“ '^7^0/1) of ^ (cobordism) reduction V = 

U/gXk —1 C Objg^ of the intermediate Kuranishi atlas/cobordism. Thus existence and 
uniqueness of reductions is proven in |MWll Theorem 5.1.6]. 

(ii) The restrictions of a cobordism reduction V of a Kuranishi cobordism 1C are 
reductions of the restricted Kuranishi atlases for a = 0,1. In particular condition 
(ii) holds because part (v) of Definition 13.2.11 implies that if / 0 then d°‘Vi fl 

TpY^{d°‘Fj) / 0. Note that condition (v) also implies that Vi C D/ is a collared subset 
in the sense of (j2.4.1|] . O 

Given a reduction V, we define the reduced domain category B^|v and the re¬ 
duced obstruction category Ey^lv to be the full subcategories of Bye and Ey^ with 
objects U/gXk resp. U/gXk; ^ denote by Sy^lv : By^lv —>■ Ey^lv the section 

given by restriction of Syc. Now one might hope to find transverse perturbation functors 
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^k\v + ^ '■ B^lv —>■ E^lv by iteratively constructing ui : Vj ^ Ej as in [MW2] . where 
compatibility with the morphisms can be ensured by working along the partial order C 
on I/c, using the separation property (iii) of a reduction. However, we also have to en¬ 
sure compatibility with the morphisms given by the action of nontrivial isotropy groups 
Tj. Depending on their action, we might not even be able to even find a r/-equivariant 
perturbation uj in a single chart such that sj + I'j &i 0. In general, this can be resolved 
by using multivalued perturbations such as in the perturbative construction of the Euler 
class of an orbibundle - explained e.g. in |FOj as motivation for perturbations in Ku- 
ranishi structures. We could also formulate our perturbation scheme in these terms, but 
due to the particularly simple setup - notably additivity F/ = riier Fj of the isotropy 
groups - we can construct the “multivalued perturbations” as single-valued section func¬ 
tors u : —)■ over a pruned domain category that is obtained in 

Lemma 13.2.31 from the reduced domain category Bx:|v by forgetting sufficiently many 
morphisms to obtain trivial isotropy. It is to this category that the iterative pertur¬ 
bation scheme of |MW2| will be applied in 113.31 to obtain a suitable class of transverse 
perturbations u. Once a zero set is cut out transversely from Bx:|y^, we will then show 
in Theorem 13.2.81 that adding some of the isotropy morphisms back in - at the expense 
of adding weights to corresponding branches of the solution set ~ yields the structure 
of a weighted branched manifold on the Hausdorff quotient of the perturbed solution 
set |(sK:|y'" + C iB^ly'"!. This perturbed solution set is not a subset of the 

virtual neighbourhood |/C|, but its Hausdorff quotient supports a fundamental class by 
Proposition I A. 71 and the inclusion E : (sycly'" + —)• Objg^ induces a continuous 

map \E\n ■ I(sa:Iv'" + 1^1 that will represent the virtual fundamental cycle 

of/C. 

We will describe the pruned categories in terms of the sets 

Vij := Vj n = Hj n 7r^'(7r^(H/)) C Uij- 

Note that Vjj is invariant under the action of Fj, and is an open subset of the closed sub¬ 
manifold Uj j = of Vj, where the last equality holds by the tameness condition 

(HSJ). Further if F C / C J, 

(3.2.1) Vj n pJ}{Vfi) = Vij n Vpj = Vj n vr^^(vr/c(H/) n tt^CFf)) C Upj- 

In fact, the second equality above holds for any pair of subsets E,IcJ. However, 
because V is a reduction, the intersection is empty unless E, I are nested, i.e. either 
F C / or / C F. Finally, the group T acts freely on Upi (by Definition 12.2.81 for a 
coordinate change) and hence also on Vpi. If / = F we define Tj^p ■= r0 := {id}. 

Lemma 3.2.3. Let V be a (cobordism) reduction of a tame Kuranishi atlas/cobordism JC. 
Then there are well defined categories - the pruned domain category B^|y^ and the 
pruned obstrnction category Ey^^jy'" - obtained from By^ and Ey^; as follows: 

• The object spaces are given by restriction to the reduction V = U/eXx 

:= C ObjB,^, Obj^^i.r :=lJ7gi,^V/xF/ C ObjE;^- 
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The morphism spaces are open subsets of Motb^ resp. Moie^ with components 


Mor^, |vr 


^=U/, 




Moro._ivr(yz-, Vj), Mor,:, i^r 


^BkI; 


'eki; 




'V-IJ/ <^11/ ■ ■- 

given by Mor (V/,Vj) = 0 unless I <Z J, in which case the morphisms are given in 
terms of the open subsets Vjj := Vj fl pjjiVj) C Uij as 


MorB^|.r(V,,K 7 ) := F/j x {id} C CZ/j x T, = MorB^([//,/7j), 

MorE^|vr(F/, Fj) := Vjj x Ej x {id} C Uij x Ej xTj = MorEfc{Ui,Uj). 

• All structure maps (source, target, identity, and composition) are given by restriction 
of the structure maps o/B^ resp. E^: in Definition \2.3.5[ 

These pruned categories are nonsingular in the sense that there is at most one morphism 
between any two objects. Moreover, the projection and section functors pr^ : —)■ B^, 

5k. '. Bye —>■ Eye restrict to well defined functors pryely'" : Byc|y'" —)• Eyc|y'" and Sye|y^ : 
Byciv’" ^ Eycly’" with pry^ly^ o Syc|y^ = idB^|-r. 


Proof. Recall that (I, J,y,id) E Moig^pr has source {I,pij{y)) and target {J,y) (where 

as in Leninia [2.3.6l we suppress mention of the inclusion (fij). Now morphisms are closed 
under composition because the strong cocycle condition guarantees pijopjx = piK with 
identical domains whenever I <Z J <Z K. Moreover, the category is nonsingular because 
source and target determine the morphism uniquely. Similar arguments apply to Ey^l};^. 
Finally, the projection and section functors of K, act trivially on the isotropy groups F/, 
thus restrict to well defined functors when we drop these. □ 


The following combines Definitions 7.2.1, 7.2.5, 7.2.6, and 7.2.9 from |MW2| . 

Definition 3.2.4. A (cobordism) perturbation of 1C is a smooth functor u : Byc|y^ — 
Eycly'" between the pruned domain and obstruction categories of some (cobordism) reduc¬ 
tion V of 1C, such that pry^^ly^ 01 ^ = idg^^r. 

That is, V = (p/j/gX/c given by a family of smooth maps pj : Vy —>■ Ej that are 
compatible with coordinate changes in the sense that for all I E J we have 

(3.2.2) ^Avij ^ $iJ°^i°Pij\v^j on Vij = Vj n pjj{Vi). 

If JC is a Kuranishi cobordism we require in addition that v has product form in a collar 
neighbourhood of the boundary. That is, for a = 0,1 and I E Tk^ C Tk there is e > 0 
and a map uf : 5"Vy —)• Ej such that 

h'i[if{t,x)) = vf{x) Vx E d^Vy, t E A^. 

We say that a (cobordism) perturbation v is 

• admissible if we have dyi'j{TyVj) C imcfij for all I E J and y E Vyj; 

• transverse if si\vj + : Vy —)• Ey is transverse to 0 for each I E Xyg; 

• precompact if there is a precompact open subset C C V, which itself is a (cobordism) 
reduction, such that 

(3.2.3) 


'^lc{[JieiA^i\vi + w) Ho)) C 7ryc(C). 








44 


DUSA MCDUFF AND KATRIN WEHRHEIM 


Remark 3.2.5. Although Try^; : Objg^ ^ |/C| is not induced by a functor on we 

will work with vryc : U/gx^ 1^1 continuous map - in particular for the notion of 

precompactness. As in the case of trivial isotropy, we do not have a nicely controlled cover 
of sets Uj n '7r^^(7ryc;(C)) for C C |J Ui. However, because C = \_\Ci <ZV = \_\Vi cUUi 
are lifts of reductions of |^| as in Remark 13.2.21 the morphisms between Vj and C are 
better understood, yielding 

(3.2.4) Vj n 7r^^(7r/c(C)) = Vj r\ [[_}^^jPjh{Ch) ■ 

Indeed, by the reduction property, 7ryg(Vj) only intersects 'K]c{Ch) ioi H Z) J ot H d J. 
The morphisms between Vj and Ch are then given by pjH and Tj resp. pHj and Tj;/, 
and the isotropy groups are absorbed by the equivariance Tj pjh{Ch) = pjuiX hCh) 
and fact that ThCh = Ch = t^J^{C_h)- As a result, we can write (|3.2.3I) in terms of the 
covering maps {pij)dj£ii^, without explicit reference to the isotropy groups T/, as 

(3.2.5) {sj\vj +l^j)~^{0) C \Jfj^jPJH{CH)^\JHGjPH]riCH) VJ € Xyc- O 

Definition 3.2.6. Given a (cobordism) perturbation u, we define the perturbed zero 
set \7i'^\ to be the realization of the full subcategory o/Byg|y'" with object space 

(s/c|/ + z^)“^(0) :=U7gXK(®-fl^/^ 

given by the local zero sets Zi := (s/|vj + z^/)~^(0)- That is, we equip 

|Z‘'h=|(sKlJ + >')-'(0)| = 

with the quotient topology generated by the morphisms o/By<;|y'". Moreover, we denote 
by C : 7T ^ Byg the functor induced by the inclusion (sycly'" + i^)“^(0) ^ Objg^ and 
corresponding inclusion of morphism spaces (to a generally not full subcategory), with 
resulting continuous map 

(3.2.6) \C\ : |Z^| —^ |/C|. 

Remark 3.2.7. If 1 / : Bycly^ —)> Eydy^ is a cobordism perturbation of a tame Kuranishi 
cobordism /C, then each restriction ulgay := {^f )= 0,1 forms a perturba¬ 
tion of the Kuranishi atlas d“/C with respect to the boundary restriction of the reduction. 

If in addition u is admissible/transverse/precompact, then so are the restrictions z^la^y. 
Moreover, in the case of transversality each perturbed section s/|y^ + : V/ —>■ Ej for 

/ E TpoK U Xgiyc ^IC is transverse to 0 as a map on a domain with boundary; i.e. the 
kernel of its differential is transverse to the boundary dVi = Ua=o,cn{»}xd-yi)- o 

Theorem 3.2.8. Let {1C, a) be an oriented tame Kuranishi atlas/cobordism of dimension 
d and let v be an admissible, transverse, precompact (cobordism) perturbation of 1C with 
respect to nested (cobordism) reductions C C V C Objg^. Then TK can he completed to 
a compact, d-dimensional wnb (cobordism) groupoid TT in the sense of Definition lACf 
with the same realization |Z^| = jZ'^l. In addition 

A^{p) := \Ti\-^if{z E Zi I tthUzD = p} forp E |Z/|^ 
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defines a weighting funetion —)• Q"*" on the Hausdorff quotient of the perturbed 

zero set Together, these give (|Z'^|-^, the structure of a compact, d-dimensional 

weighted branched manifold/cobordism in the sense of Definition I A. It defines a cycle 
in \C\ in the sense that the map \d^\H '■ 1^1 induced by (I3.2.6|) has image in \C\. 

Moreover, if K. is a Kuranishi cobordism and we denote the boundary restrictions of v 
by := v\Qay, then (Z^,A'^) has oriented boundaries (Z^ , A'^ ) and {71' ) and the 

cycle \i^\n : |Z'^|'^ —>■ \C\ restricts on the boundaries to \d^°‘\'H '■ \7''°‘\'^ —)■ |9“C|. 

We begin the proof of Theorem 13.2.81 by explaining the structure of the groupoid 
completion Z^. Note that the compatibility condition (I3.2.2P implies partial equivariance 
of the perturbation: nj{ay) = i'j{y) for y G Vjj,a G Tj^/. This fact is reflected in the 
structure of the morphisms in the groupoid Z^ which contain this action of Tj^/ on 
Vjj n Zj as part of the morphism space Morg„(Zj, Zj). 

Lemma 3.2.9. Let v be any (cobordism) perturbation of a tame d-dimensional Kuranishi 
atlas/cobordism JC. 

(i) There is a unique nonsingular groupoid 7^ with the same objects and realization 
as 7“^. Its morphism space for I C J is given by 

Morg^(Z/, Zj) := {Zj CiVjj HVfj) x Tj-^f C [//j x T/= MorB;c(^^> 

(ii) If V is admissible and tranverse, then the subsets Zj n Vjj C Zj are open for 
all I C J and the groupoid 7’' is etale and has dimension d. Further, 7^ is 
oriented if in addition JC is oriented. 

(iii) If 1C is an oriented tame Kuranishi cobordism and f is admissible and tranverse, 
then 7'^ satisfies all conditions in Appendix 0] to be an etale, oriented, cobordism 
groupoid, except possibly that of compactness. 

Proof. First note that there is at most one nonsingular groupoid with the same objects 
and realization as Z^ since any such groupoid has a unique morphism (I, x) i—>■ (J, y) 
whenever (/, x) ~ {J,y), where ~ is the equivalence relation on ObJz.. generated by 
Morzi^. To prove existence of such a groupoid, we show below that when I C J 

(a) each element in Morg,,(Z/, Zj) is uniquely determined by its source and target; 

(b) if there is a morphism (/, J, y, a) G Morg,,(Z/, Zj) with source (/, x) and target 
{J,y) then {I,x) ~ (J,y); and 

(c) the set of morphisms IJj^j Morgj,(Z/, Zj) together with their inverses (which 
are uniquely defined by (a)) is closed under composition. 

Parts (a) and (c) show that there is a nonsingular groupoid Z^ with the given morphisms. 
Moreover, since the equivalence relation ~ is generated by the morphisms (/, J, y, id) G 
Morz‘^(Z/, Zj) C Morg^,(Z/, Zj), (c) shows that if {I,x) ~ {J,y) where I C J then 
Mor 2 „((/,x), {J,y)) / 0. Together with (b), this implies that Z^ has realization 

To prove (a) we must check that given x G f/j, y G Zj n Vjj where / C J there is at 
most one element a G Tj such that 

• X = Q;"V/j(y); 
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• there is F C I such that a G Tj^p and y G Vpj fl Vjj. 

But if ai, a 2 are two such elements, corresponding to Fi, F 2 , then fixes the point 

Puiu)- On the other hand, because the set of F such that y G Vpj is nested, we can 
suppose that Fi C F 2 . Then pij{y) G Vp-^i and a^^Q ;2 £ Since Tj-^p^ acts freely 

on Vp^[, this implies that ai = a 2 as required. 

To prove (b), observe that if / C J and x), (J,y)) / 0 then there is F C I 

and a G Tj^p such that x = a~^pij{y), which implies that 

PFi{x) = ppi{a~^pij{y)) = PFi{pij{y)) = PFj{y)- 

Hence, the composite (F,/, x,id) o {I,J,y,a) is well defined and equal to (F, J, y,id). 
Therefore {F,ppi{x)) ~ (I,x) and {F,ppi{x)) = {F,ppj{y)) ~ (J,y), which gives 
(/,x) (J, y) since ~ is an equivalence relation. 

Finally, to prove (c), it is convenient to consider two special kinds of morphisms: 
morphisms denoted with I = J and morphisms denoted with I F J and a = id 
that therefore belong to Morzi-. We first observe that every morphism {I,J,y,a) in 
Moi^^(ZJ, Zj) can be written in two ways as a composite of morphisms of types (A), 
(B). More precisely, the identity pfopf = p^op^ holds, where pf, p? are the morphisms 
in the following diagram; 


(3.2.7) 




{I, a V/j(y)))- ^y) 

{dpij{y)) —-—^ [J^y)- 


Therefore these morphisms p^,p^ and their inverses generate Morg,,. The commuta¬ 
tivity of the above diagram also shows that we can interchange their order: i.e. every 
morphism of the form pfopf can also be written as P 2 o p 2 , which we abbreviate below 
as the identity p^ o pf = p^ o p^. 

Next let us consider the other composites. Morphisms of type (A) with fixed F C / 
are closed under composition since they are given by the action of Tj-^p. Moreover, two 
morphisms of this type corresponding to different subgroups Fi,F 2 can be composed 
only if the sets Fic{Vi),TT!c(ypd,F!c{VF 2 ) intersect. Hence the sets Fi,F 2 are nested, 
either Fi C F 2 or F 2 C Fi, and in either case the composite is another morphism of this 
type. The situation for morphisms of type (B) is more complicated (which is precisely 
why we needed to add the morphisms of type (A) to obtain a groupoid). We have: 

• pf o P 2 = p^: i.e. if / C J C F and y = pjk{z) then the following identity holds 
(this statement includes the claim that the left hand composite is well defined): 

(/, J, 2 /, id) o (J, F, z, id) = (/, F, z, id) G , pik{z)), (F,z)); 


{Pi) ^ ° P2 = P3 or = p^ o{p§) b 
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- if / C J C -fC and pij{y') = pixiv) = PijopjKiv) , then pjK{y) and y' lie in the 
same Fj^j-orbit so that y' = a~^pjK{y) for some a € Fjx,/ and we have 

(I, J, y', id)"^ o (I, K, y, id) = (J, J, pjK{y), a) o (J, K, y, id) 

e MoT 2 ^{{J,a~^pjxiy)), {K,y)); 

- a I C K C J and there are y' € Vjj fl Zj, y € Vjk H Zk with 

pij{y') = piK{pKj{y')) = piK{y) e Zj, 

then there is /? G Tk^i such that y = pKj{y') = PKj{l3y') G Zk, and we have 
{I, J, y', id)~^ o {I, K,y, id) = {J, J, ^ y', P) o {K, J, ^ y',id)~^ 

G Morg,((J,y'), (^,y))- 

• One can check similarly that if pf = (I, J, y, id) and /rf = {K, J, y, id) then 
pf o (/rf )“^ = p^ o p^ if I C K and = p^ o {pf)~^ ii K d I. 

Combining these identities with pf o pf = p^ o p^ and its inverse, we see that if I C J 
every composite morphism Zi ^ Zj ^ Zk can be written in the form p^ o p^ ii I d K, 
and in the form pf o (/if )“^ = (/if )~^ o p^ ii K d I. This completes the proof of (c) 
and hence of part (i) of the lemma. 

The claims in (ii) are proved by applying Lemma 13.1.141 with f : W ^ Ej given by 
Si + vi '■ Vj ^ Ej. Since s/ + p/ ftl 0, Lemma 13.1.141 (i) shows that Zi is a manifold, 
while the admissibility of p implies that the hypothesis of Lemma 13.1.141 (iii) holds on 
Vhi so that the subset Zj n Vhi of Zj is open and pni induces a local diffeomorphism 
from Zj n Vhi to Zh H phi{Vhi)- Further, by the compatibility condition ()3.2.2I1 we 
can identify with the zero set of pni * (s/ + vi) = sh + Phi * {si)- Since the maps 
pu together with their inverses generate the structure maps in TV, this shows that this 
groupoid is etale. Moreover, if K, is oriented, then Lemma 13.1.141 (ii),(iii) also implies 
that the structure maps in TV are orientation preserving. 

Finally, (iii) holds by Lemma 13.1.141 liv). □ 

In order to show that TV represents a weighted branched manifold, we must understand 
its maximal Hausdorff quotient \'ZZ\'h as defined in Lemma lA.21 The morphisms in a 
nonsingular groupoid G correspond bijectively to the equivalence relation ~g on ObjQ 
where x ~g U if and only if MorG(a:,//) / 0. A necessary condition for the quotient 
|G| := to be Hausdorff is that this equivalence relation is given by a closed 

subset of ObjG x ObjG, in other words, we need the map s x t : MorG —>■ ObjG x ObjG 
that takes a morphism to its source and target to have closed image. The following 
lemma shows that in the special case of the groupoid TV this necessary condition is also 
sufficient. 

Lemma 3.2.10. Let v be an admissible, transverse, (cobordism) perturbation of a tame 
Kuranishi atlas/cobordism 1C. 

(i) Let he the groupoid obtained from TV by closing the relation ~ on Objgi,. 

Then is nonsingular, and |Z^| is Hausdorff. Further, we can identify |Z^| 
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with the maximal Hausdorff quotient in such a way that the canonical 

quotient map \7 j''\ —> |Z^|-^ = |Z^| is induced by the functor : Z^ —)• Z^. 

(ii) For each I € I/c, the projection 7rg„ : Objg„ —)■ |Z^| takes Zj onto a subset of 

|Z^| that is open with respect to the quotient topology. Moreover this topology 
on |Z^| is metrizable. 

(iii) If X £ Zj and p = [x) G |Z^| then {x' G Zj \ TTg^, {I,x') = p| is the 

{T-orbit of X so that 

#{x G Zi I 7rg^(/,x) =p} = 

where = min{F : Zj n clfVpi) n [p) ^ 0| = min{F : p G vrg^ (Zj?)}. 

Proof. We use the notation in Lemma I3.2.91 The components of Morgj,(Z/, Zj) con¬ 
sisting of morphisms of type (B) are taken by s x t : Morg„(Z/,Zj) Zj x Zj C 
Objgi, X Objgi. to the set of pairs 

{{pijiy),y) -y £ Zjf] Vijn-Kj^^iVi)} c Zj x Zj, 

where we simplify notation by writing y instead of (J, y), and similarly for the source. If 
ipijiyn),yn) —>■ {xocVoo) £ Zj X Zj IS a Convergent sequence of such points with limit 
{xooiVoo) £ Zj X Zj, then ycx> & ZjH Ujj since y„ G Zj n Vjj C Ujj and Uij is closed 
in 17j, which implies that pij{yoo) is defined. We then must have Xoo = Pij{yoo) by the 
continuity of p/j. Thus poo S pj}{Zi)nZj C pj}(yi)nVj = Vjj. Hence y^o £ ZjUVij, 
so that (I, J, Poo, id) G Mor 2 y(Z/, Zj). Therefore the graph of this set of morphisms is 
closed in Zj x Zj. 

However the set of morphisms of type (A) from Zj —)■ Zj is not closed in general; 
instead it has closur^ 

Mor 2 .(Z/,Z/) := |J {{I,I,y,a) :,y £ diVpj) H Zi,a £ T 

F<zi 

Notice that, as in the proof of Lemma 13.2.91 (i), this set Morg^,(Z 7 , Z/) is invariant 
under compositions (and inverses) because the intersection properties of the sets in a 
reduction apply to their closures: TTjciVp.^) n7r^(VF’2) 7^ 0 C F 2 or F 2 C Fi. Next, 

observe that because pjj : Ujj —)• Ujj is a local diffeomorphism, the map pjj induces 
a local diffeomorphism from Vjj fl cI{Vfj) n Zj into Ujj fl cI{Vfi) H Zj. Similarly, 
because cI(Vf’j) C Upj whenever F C J, the group Tj^p acts freely on cl(yFj)j and, 
if T C I, commutes with action of pjj as in diagram (|3.2.7p . Therefore the closure of 
Morg^,(Z/, Zj) when / C J is given as follows: 

(3.2.8) Morg^(Zj, Zj) = (Zj n Vjj n cI{Vfj)) x T/^f, 

= {{I, J^y^cn) I 3F C I, a £ T/^i? s.t. y £ cI{Vfj) n Vjj n Zj}. 

® While we usually denote the closure of a set A by A, for sets such as V7j that involve a tilde we will 
write cliVij). 
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The arguments in Lemma f3.2. 101 apply to show that this set of morphisms, together with 
inverses, are closed under composition and are uniquely determined by their source and 
target. Thus is a nonsingular groupoid. Its realization |Z^| is Hausdorff because it 
is the quotient of the separable, locally compact metric space Objs,, by a relation with 

closed graph; cf. [Bl Ch I,§10, Ex. 19] or [MWll Lemma 3.2.4]. Moreover, the space |Z^| 
can be identified with the maximal Hausdorff quotient of \'Z/\ because any continuous 
map from to a Hausdorff space Y must factor through the closure of the relation 

~ induced by the morphisms in 7Y, and hence descends to |Z^|. This proves (i). 

To see that vrg,, (Z/) is open in |Z^| we must show that each intersection Zj n 

-Kjl (vTg^ {Zi)) is open. Since vrgi. (Z/) n vrgi. (Zj) / 0 only if I C J or J C /, 

it suffices to consider these two cases. Now Zj n (Zi)) consists of all ele- 

'n 

ments in Zj that are targets of morphisms with source in Zj. Therefore if / C J then 
Zj n (Z/)) = Zj n Hjj which is open by Lemma [3.2.91 (i). On the other hand, 

'H ' _ 

if J C / then because the set pjiiVji) is Tj invariant, we have 

Zj n vrrj {Zi)) = Zj n pji{Vji) 

which is open by Lemma 13.2.91 (ii). Thus {Zj) is open. It follows that the quotient 

topology on |Z^| has a countable basis because each Zj does. Moreover |Z^| is regular. 
Indeed, by |Mu[ Lemma 31.1], we need check only that each point p G |Z^| with neigh¬ 
bourhood W C |Z^| has a smaller neighbourhood Wi C W such that Wi C W, and this 
is an immediate consequence of the regularity and local compactness of the sets Zj and 
the openness of the sets (Zi). Hence |Z^| is metrizable by the Urysohn metrization 
theorem. This proves (ii). 

To prove (iii), note first that for each x € Zj the subsets F € Z/c such that x € cI(Vf’j) 
are nested and hence have a minimal element F^- The precompactness of Vj in Uj 
implies that x G cl(ViPi) C Up^i so that its orbit under Tj^i?^ is free. Moreover, because 
Fx C F for every F for which x G cl(yp/), this orbit ri^iP^(x) contains the targets 
of all the morphisms in Mors^, with source (/, x). This proves the formula iTj^i;’ I = 

#{x G Zj I 7rg^(I,x) =p}. 

It remains to check that Fx, which we defined as min{F : Zj n cI(Vfi) n vrrj (p) ^ 0|, 

also equals F' := minjE : p G vrs,. (Zjr)|. But if Zj n cI{Vfi) H (p) ^ 0 there is 

•H 

a sequence of elements x^ G Zj n Yfi with limit Xoo G vrrj (p), which implies by the 
continuity of vrs,, that, with xi, := pFi{xk), the sequence (xi) = (xj,) converges 

to p. Hence p G vrsi, (Zj?) which implies F' C Fx- Conversely, if p G ttsi, (Zj) n 
(Zj?) then because ttsi, (Zj) is open in IZ^I there is a sequence pk of elements in 
vrsi, (Zj) n [Zf) that converges to p G vrs,. {Zi). By (13.2.11) . this lifts to a sequence 
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Xk S Vpj C Zj whose images i^k)) in |V| C |/C| converqe to |i.s„ |(p), where iSi. 

is as in (ii). But the composite vryc o : Vi —)■ iriciVj) = simply quotients out by 
the action of Tj on Vj. Since the projection V —)■ is proper by Lemma [2.1.51 (i), 

the sequence (xk) must have a convergent subsequence with limit Xoo S Vj. But then 
(xca) = linifc^oo'^i?!' (xk) = P by the uniqueness of limits in the Hausdorff space 

|Z^|. Therefore Xoo £ c\{Vfi) H (p). Hence by the minimality of we must have 
Fx C F^. This completes the proof. □ 


Proof of Theorem 13. 2. SI Let us first consider the case when f is an admissible, trans¬ 
verse, precompact perturbation of an oriented tame Kuranishi atlas /C with respect to 
nested reductions C C V C Obj^^. Then Lemma [3.2.91 shows that TF can be completed 
to an oriented, nonsingular etale groupoid TF. Moreover, by Lemma (3. 2. 101 the maximal 
Hausdorff quotient can be identified with the realization |Z^| of the groupoid TF^- 

To complete the proof of the first part of the theorem it remains to show that |Z^| is 
compact, and that (Z^, A^) has the structure of a wnb groupoid as in Definition IA.41 
Because | TF^ \ is metrizable by Lemm d3.2.9l (ii), it suffices to prove that |Z^ | is sequen¬ 
tially compact. Further we saw in (I3.2.5|) that the precompactness condition for v can 
be written without explicit mention of the isotropy groups T/. Hence the proof of the 
sequential compactness of the zero set given in [MWlt Theorem 5.2.2] carries through 
without change to the current situation. 

We next check that the weighting function tF is well defined, and compatible with a 
local branching structure as required by Definition IA.41 To see that it is well defined, 
suppose that p G vrs^ iZi) n tts,. [Zj'). As usual we may suppose that / C J, so that 

p = TTgi. (y) for some y G Vjj C Zj. If Fp is the minimal set F such that p G [Zp), 

H T~L 

then there are distinct elements in Zj that map to p. Hence A[p) = —and 

we must check that this agrees with the calculation provided by replacing J by I. But if 
X = pij[y) then because Fp d I does not depend on /, J, we have Tj^Fj, = ^i\Fp x Tj^/. 

Hence Thus A^ is well defined. 

Finally we describe the local branches at p G |Z^|. Given p G jZ^j choose a minimal I 
such that p G TTg^, (Zj) and a minimal Fp C I such that p G vrgi. Then Fp C /, and 

there is x G Z/ncl(VFp/) such that p = vrg,. (x). Because vrg,. (Zj) is open in jZ^j, we may 

choose an open neighbourhood N C vrs,, (Zj) of p whose closure N is disjoint from all sets 
_ 

FSi, (Zf) with F C Fp. We saw in Lemma [3.2.101 (hi) that Zj n (fs^, }~^(p) = F/^^ (x). 
Hence, by shrinking N further if necessary, we may suppose that there is an precompact 
open neighbourhood Bx of x in Zj such that 

• the closure Bx in Zj is disjoint from its images under the action of F/^^t’^. 




























SMOOTH KURANISHI ATLASES WITH ISOTROPY 


51 


Then choose the local branches to be the disjoint subsets 
weight Notice that 




of Zj, each with 


(3.2.9) 


U yB, = Zin7T^l{N) and |J yB, = Zj 

^ 7er7\Fp 


Here, the first claim holds because, by the minimality of Fp and the choice of Bx, 

KndiVFi)^^ FpCF, 

so that the only morphisms in with source in IJ 7 Gr/^F target in Zj are 

given by the action of an element in and hence also have target in this set. The 

second claim holds similarly. 

We must check that the three conditions in Definition IA.4I hold. 

• The covering property states that ^ 1^1- were 

false there would be a point y (z Zj for some J such that there is a morphism in 

from {J,y) to a point {I,x') € yBx for some y G but no such morphism 

in TF. By construction, the morphisms in Z^ from Zj to Zi are composites of 
morphisms of type (B) from Zj to Zi (which lie in TF') with morphisms in the closure of 
Mor 2 ,.(.^ 7 , Zi). Therefore it suffices to consider the case J = I, and y ^ U 7 er/^_F 
But (13.2.91) implies that the only elements of Morg,,(Z 7 , Z/) with target in yBx must 
have source in some set aBx- Therefore such y does not exist. 

• For local regularity, we must check that for each y the projection : yBx \'^n\ 
is a homeomorphism onto a relatively closed subset of N. But (13.2.91) implies that this 
map extends to an injective, continuous map / with compact domain yBx- Hence / 
is a homeomorphism onto its image because compact subsets of the Hausdorff space 
IZ^I are closed. Further, tts,, (yBx) = N n (yBx) is closed in N because it is the 
intersection of a compact set with N. 

• Finally, note that A’^ equals the branching function specified in Definition [AHj indeed, 
the number of branches through q & N is just the number of preimages of q & N in 
U 7 gr/\Fp and we saw in Lemma [3.2.101 (hi) that this is |F/^i7’^|, where Fg D Fp 

is the minimal set F such that q G vrs,. i^r)- 

This completes the proof that (Z'^, A^) is a compact wnb groupoid. It has a fundamental 
class by Proposition IA.71 and hence defines a cycle in C as claimed. 

The same arguments apply when /C is a Kuranishi cobordism. In particular, |Z^| is 
compact so that, by Lemma [3.2.91 (hi), (Z^,A‘') is a wnb cobordism groupoid, and the 
boundary restrictions have the required properties by Lemma 13.1.141 (iv). □ 


We end this section by some elementary examples of this construction - the funda¬ 
mental class and the Euler class of an orbifold represented by Kuranishi atlases. 

Example 3.2.11. Consider the orbifold case, i.e. a Kuranishi atlas JC on X with trivial 
obstruction spaces so that syg and u are identically zero and : A —)■ |/C| is a homeomor¬ 
phism. In this case the zero set Z should represent the fundamental class of the oriented 



















52 


DUSA MCDUFF AND KATRIN WEHRHEIM 


orbifold. We suppose that X = is the quotient of a compact oriented smooth man¬ 
ifold M by the action of a finite group F, and that JC is the atlas with a single chart 
with domain M and E = {0}. Then Z = is the category with objects M and 

only identity morphisms, because there are no pairs I,J X]q such that ^ ^ I E J. 
Therefore Z = Z-^ has realization |Z^| = M and the weighting function A : M —)• Q is 
given by A(x) = |^. If the action of T is effective on every open subset of M then the 
pushforward of A by ■ M ^ X, which is defined by 

{i^Zh)*Mp) ■= A(x) 

takes the value 1 at every smooth point (i.e. point with trivial stabilizer) of the orbifold 
^/p. On the other hand, if T acts by the identity so that the action is totally noneffective 

then iz^ : M ^ X is the identity map and the weighting function X Q"*" takes the 
constant value 

Note that if we construct a fundamental class on |Z|-^ by the method of Proposi¬ 
tion IA.7I then our choice of weights gives a class that is consistent with standard con¬ 
ventions. For example, in dimension d = 0 the branched manifold Z = |Z|^ is a finite 
collection of points {pi,... ,Pk}, one for each equivalence class in 0 bj 2 , where the point 
Pi corresponding to an equivalence class with stabilizer F* has weight If each point 

is positively oriented, then the “number of elements” in iZj-^ is the sum Yli=i |^) which 
gives the Euler characteristic of the groupoid; c.f. |W| . Other more substantive examples 
such as that of the football of Example 12.3.111 are discussed in |Mc4| . 

Example 3.2.12. Examples of Kuranishi atlases with nontrivial obstruction spaces can 
be seen in the calculation of the Euler class of the tangent bundle of and of the 
football orbifold using Kuranishi atlases. 

(i) To build a Kuranishi atlas that models T5^, cover S'^ by two discs Di,D 2 whose 
intersection Di D D 2 =: D 12 =: A is an annulus, and for i = 1,2 define Kj := (Ui := 
Di, Ei := C, Si := 0, ipi := id). For i = 1,2, choose trivializations Ti : Di x C ^ 
T5^|£)., (x, e) !->■ Ti^x{e) and then define the transition chart 

Ki2 := {Ui2 C El X E 2 X A, El X E 2 , S 12 = '*^12 = pr^loxOxA) 

where 

U12 ■■= {(ei,e2,x) I X € A,Ti^xei + ^2,0:62 = O}. 

The coordinate changes 'I'j^i 2 are given by taking Ui^i 2 = A and V’j,i 2 (a^) = (0,0, x). To 
justify this choice of Kuranishi atlas note that one can construct a commutative diagram 

lEycl --TS 2 


Bk \ —-52, 


that restricts over [/12 X Ei 2 to the map ((ei, 62 , x), e'^, 63 ) eA-Ti^ 3 ;(ei-t-e'^)-|-r 2 ,a;(e 2 - 1 - 62 ) G 
T52|^. This construction is generalized to other (orbi)bundles in [Mc3] . 
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Next, in order to calculate the Euler class we identify A with [0,1] x 5^ and consider 
the corresponding trivialization TS'^Ia = ^ x M* x Mg where t G [0,1] and 0 G are 
coordinates. Then for i = 1,2 there is a section Vi : Ui ^ Ei with one transverse zero 
such that = (x,l,0) G T5^|a for x G A. (Take suitably modified versions of 

the sections vi{z) = z, V 2 {z) = —^ where Di C C.) 

Choose a reduction of the footprint covering with V 12 = (e, 1 — e) x for some 
e G (0, |) and so that Vi^i 2 = (0,0) x (e, 3 ] x 5^ C C /12 and V 2 ,i 2 = (0) 0) x (|, 1 — e) x S^, 
and choose a cutoff function /3 : [0,1] —>■ [0,1] that equals 1 in [0, |] and 0 in [|, 1]. Then 
the map P 12 : V 12 Ei x E 2 given by 

i^i2(ei,e2,x) = {P{x)i 2 i{x),{l -/ 3 {x))i^ 2 {x)) G Ei x E2 

defines an admissible perturbation section that restricts to Pj on 14^12 C (0, 0) x ^ for 
C = 1,2. Moreover S 12 + 1^12 does not vanish at any point (ei,e 2 ,a:) G V 12 because the 
equation ri_a,(ei) + T 2 ,x{e 2 ) = 0 together with 

0 = Ti,x(ei) + /3(x)(l,0) = r 2 , 2 ,( 62 ) + (1 - /3(x))(l,0) G x x x G TS^U 

imply that the vector (1,0) is zero, a contradiction. Hence the perturbed zero set 
consists of two points, each with weight one. 

(ii) It is easy to adjust this example to the tangent bundle of the “football” discussed in 
Example 12.3.111 In this case, the zero of the section s* + ui would count with weight 

l-L i I 

so that the Euler class is | For further details of this and other related examples 
see |Mc3[ §5]. 

3.3. Construction of the Virtual Moduli Cycle and Fundamental Class. 

The next step in the Kuranishi regularization Theorem A is to construct admissible, 
transverse, precompact perturbations u that are unique up to interpolation by admissible, 
transverse, precompact cobordism perturbations. This - quite complicated - construc¬ 
tion is developed in complete detail in |MW2] in such a way that it applies directly 
to our present setting, in which the Kuranishi atlas /C has nontrivial isotropy groups, 
but the reduced and pruned category Hycly is nonsingular - i.e. the remaining isotropy 
groups act freely. While we defer most of the proofs to |MW2| , we will give full technical 
statements of the existence and uniqueness of perturbations, so that our constructions of 
VMC/VFC can be compared directly to other approaches, without reference to [MW2] . 
Based on this. Definition 13.3.41 and Theorem 13.3.41 then define the virtual moduli cy¬ 
cle (VMC) as a cobordism class of closed oriented weighted branched manifolds and 
construct the virtual fundamental class (VFC) as Cech homology class. 

For the construction of (cobordism) perturbations we will consider a metric tame 
Kuranishi atlas (or cobordism) {IC,d,a), that is we fix the following data: 

• /C is a tame Kuranishi atlas on a compact metrizable space X in the sense of Def¬ 
initions 12.3.11 and 12.5.11 or it is a tame Kuranishi cobordism on a compact collared 
cobordism Y in the sense of Definitions 12.4.21 and 12.5.11 

• d is an admissible metric on |/C| in the sense of Dehnition 12.3.101 

• If (/C, d) is a metric, tame Kuranishi cobordism on Y, then the boundary restrictions 
{KX,d°^) := (cl“/C, d\\QajQ\) are metric, tame Kuranishi atlases on d°‘Y for a = 0,1. 
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For easy reference we list some consequences of this setting and notation conventions. 

• The associated intermediate Kuranishi atlas ^ is a tame topological Kuranishi at¬ 
las (resp. cobordism) by Lemma 12.3.41 fresp. Remark 12.4.31 iiiii. which has the same 
realization |^| = |/C|, equipped with the quotient topology. 

• d is a bounded metric on the set |^| such that for each I £ Zfc the pullback metric 

dj := on U_j induces the quotient topology on the intermediate domain 

C/j = construction, these also induce Fz-invariant pseudometrics dj := 

i'^ic\ui)*d = T^jdj on the Kuranishi domains Uj of 1C. Moreover, |MW1[ Lemma 3.1.8] 
shows that these (pseudo)metrics are compatible with coordinate changes. We denote 
the (5-balls around subsets Q C |^| resp. R C U_j resp. S' C I// for <5 > 0 by 

BsiQ) ■= {w £ \JC\ \3q £ Q : d{w,q) < (5}, 

Bg{R) := {x £llj \ 3r £ R : dj{x, r) < <5}, 

Bs{S) ■■= {y £ Ui \ 3s £ S : di{y,s) < (5}, 
and note that balls in the pseudometric are Fj-invariant preimages of balls in lJ_j, 
(3.3.1) B^siS) = 7rY\Bi{S)) and BsMS)) = Bs{7T!c{S)). 

• While the metric topology on |^| is generally not compatible with the quotient topol¬ 
ogy, we know from [MWll Lemma 3.1.8] that the identity map j/Cj —)• (j/Cj,d) is 
continuous, and thus j/Cj is a Hausdorff topology in which the metric d-balls are open, 
and thus neighbourhoods. 

Given this setting, our goal is to construct admissible, precompact, transverse (cobor¬ 
dism) perturbations of the section Sycly'" over a pruned domain category see 

Definition 13.2.41 and Lemma 13.2.31 For that purpose we will also need to fix nested 
(cobordism) reductions C C V of /C. These induce the following crucial data, on which 
the iterative construction of perturbations depends. The claims here are all consequences 
of [MWlt Theorem 5.1.6 (hi)] and [MW2] Lemma 7.3.4, Proposition 7.3.10] applied to 
1C together with (j3.3.ip and properness of the projections vr/ : 17/ —>■ t/j established in 
Lemma 12.1.51 (i). 

• Given a reduction V of /C, there exists £ (0, |] such that for any (5 < (5v we have 

yi£iK, 

B25MVi))r\B2&{TiK{Vj))^lb I C Jot J cl. 

This gives rise to a continuum of nested reductions Vj C ... Vf C ... C Vj’ 
for k" > k' > 0, which for A: > 0 are given by 

:= B^,-,siVi) = vr7'(Zf) □ Ui with VH := B^,_,,{Vj). 

• For suitable k > 0, the iteration will construct 12 j by extension of the pullbacks P*jjT'i, 

which are defined for / C J on Njj := Vj n also given as 

N^JI = n pY]{Vt) = ^ith := 
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• We need to make a choice of equivariant norms on the obstruction spaces as 

follows: For each basic chart i € N} we choose a Fj-invariant norm || • || on Ei. 

Then the F j-invariant norm on Ej for each J € I/c is given by 

l|e|| := := max||ei|| e Ej. 

• While the sections sj : Uj ^ Ej only induce continuous maps Sj : —)■ 

the quotient of obstruction spaces, equivariance of the norms guarantees that the 
norm of sections descends to a continuous function ||sj|| : lJ_j —)■ [0,oo) given by 
X I—7- ||s/(y)|| for any y G 7r^^(x). These functions provide (rather nontransverse) 
topological Kuranishi charts over the intermediate domain with the same footprint: 
maps ||s/||~^(0) = homeomorphically to Fj. 

• Given equivariant norms || • {|, nested reductions C C V, and 0 < <5 < (5v we have 

II • 11,5) := mminf| ||sj(x)|| x G f/' \ (^Cj U i (M/ ^))} 

= IkilKy) I y ^ ^ {^j u > o, 

where %_i := — 2~^)5 and a set containing sJ^(O) = vrj^(||sj||~^(0)) is 

Cj := Uk^jPMCk) = TrfiCj) with Cj := 

• In the case of a metric tame Kuranishi cobordism (/C,d) with equivariant norms || • || 
and nested cobordism reductions C C V, let e > 0 be the smallest of the collar widths 
of K.,d,C, and V. Then for 0 < 5 < min{e, 5v} we obtain positive numbers 

II • 11,5) := mminf| \\sj{x)\\ x G \ (^Gj U }, 

cJrei(V,C,|| • 11,5) := min{cj(9°V,5°C,5°|| • ||,5), o{d^V,d^C,d^\\ ■ ||,5), a'(V,C,|| • ||,5)}. 
Here 9“|| • || denotes the collection of equivariant norms on Ej for I G Id<^ic C I/c- 

The constants 5v and cj(V,C, || • ||,5) defined here will control the permitted support 
and norm of the perturbation u for a Kuranishi atlas. In particular, 5v measures the 
separation between the components F/ / Fj of the reduction V, while cj(V,C, || • ||,5) 
measures the minimal norm of on the complement of an open neighbourhood of 

the set {ttic{C)), in which all perturbed zero sets will need to be contained. We will 
construct perturbations u = {ui : Vj ^ Ei)i^Xk. by an iteration which constructs and 
controls each vi over the larger set fJ^L Here the domains are determined by a choice 
of 0 < 5 < 5v and we ensure that the perturbed zero sets are contained in 7r^^(7ryc(C)) 
by bounding the perturbations ||j^/|| < cj by some 0 < cj < cj(V,C, || • ||,5). In order 
to prove uniqueness of the VMC, we moreover have to interpolate between any two 
such perturbations. This requires the adjusted bound cJi.ei(V,C, || • ||,5) on the norm 
of cobordism perturbations for the following reason: The construction of a cobordism 
perturbation with prescribed boundary values is achieved by an iteration on the domains 
instead of fJ^^ , which guarantees that the boundary values - which got constructed 
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in iterations over - are given on sufficiently large boundary collars. In view of 

this, it is also necessary to keep track of the refined properties arising from the iterative 
construction of a perturbation by the following notion of (V, C, || • ||, 6, cr)-adapted, as well 
as a stronger notion which guarantees extensions to Kuranishi concordances. 

Definition 3.3.1. Given nested reductions C \Z V of a metric tame Kuranishi atlas 
{IC,d), a choice of equivariant norms || • || on the obstruction spaces, and constants 
0 < (5 < (5v 0 < (T < a{V,C,\\ ■ we say that a perturbation v of is 

(V,C, II • II, (5, cr)-adapted if the sections uj : Vj ^ Ej extend to sections over (also 
denoted vj) so that the following conditions hold for every k = 1,..., Mjc := max/gx^; l-^l 

a) The perturbations are compatible in the sense that for H C ^,1^1 < k we have 

ouH o pHI\p-l(^yk)^vf■ 

h) The perturbed sections are transverse, that is {si\yk + uj) rtl 0 for each |/| < k. 

c) The perturbations are strongly admissible, that is for all H C / and |/| < k we 

have C^hi{Eh)- 

d) The perturbed zero sets are controlled by 7ryg((s/|yfc + ^'/)~^(0)) C vr^(C) for 
\I\<k. 

e) The perturbations are small, that is sup^^yfe ||z^/(x)|| < a for |I| < k. 

Also, we say that a perturbation v is strongly (V, C)-adapted if it is a (V,C, || • ||, 6, a)- 
adapted perturbation v of for some choice of equivariant norms || • || and constants 
0 < 6 < Sy and 

0 < cr < crrei([0, l]xV, [0, l]xC, IHI,*!) = min{cj(V,C, IHI, <5), ct'([0, 1]xV, [0, l]xC, |M|,(5)}, 
where we use the product metric on [0,1] x |/C|. 

Remark 3.3.2. (i) Adapted perturbations are automatically admissible, precompact, 
and transverse in the sense of Definition l3.2.4l Indeed, this is guaranteed by the inclusions 
y/ C Vj and the fact that strong admissibility G im. for x G 

for H C I implies admissibility imdj,z^/ C imcpHi for y G Vhi = 17 H Pj/jiVn) C 

(ii) The admissibility condition is crucial for the transfer of transversality as follows: Let 
u be an admissible perturbation and let z £ Vi and w £ Vj so that 7ric{z) = 7ric{w) £ |/C|. 
Then z is a transverse zero of s/| V/ + if and only if u) is a transverse zero of sj|vj + ^j- 

Indeed, by the reduction property we can assume w.l.o.g. I C J and thus z = pij{w). 
Since pu is a regular covering, we can pick a local inverse (fiJ so that w = 4>ij{z). Then 
the proof of |MW2t Lemma 7.2.4] directly applies ~ using the index condition in terms 
of (fiJ. 

(iii) Any (V,C, || -11,(1, (T)-adapted perturbation for fixed V,C, || • ||, <5 and sufficiently small 
cr > 0 is in fact strongly adapted. Indeed, due to the product structure of all sets and 
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maps involved in the definition of a' ^ we may rewrite the condition on cr > 0 in the defi¬ 
nition of strong adaptivity as cr < ||sj(x)|| for all x € Fj \ {Cj U i (-^j/ ^))) 

J G and k € {| J|, \ J\ + 1}. O 

By the above remark, the following in particular proves the existence of admissible, 
precompact, transverse perturbations as well as strongly adapted perturbations. 

Proposition 3.3.3. (i) Let (JC, d) he a metric tame Kuranishi atlas with nested 

reductions C C V and equivariant norms || • || on the obstruction spaces. Then 
for any 0 < 5 < 6^ and 0 < a < a{V,C, || • ||,(5) there exists a (V,C, || • ||,5,(t)- 
adapted perturbation v o/s^|y^. 

(ii) Let (/C, (L) he a metric tame Kuranishi cobordism with nested cobordism reduc¬ 

tions C C V, equivariant norms H-H on the obstruction spaces, and minimal collar 
width e > 0 of {IC,d) and the reductions C,V. Then, given 0 < 5 < min{e, (5v}, 
0 < cr < a,.ei{6,V,C), and perturbations zc" o/Sgaycla<n; a = 0,1 that 
are {d°‘V,d°‘C,6,a)-adapted, there exists an admissible, precompact, transverse 
cobordism perturbation v o/Sycly'" with vry<;((syc;|y'" + C vry<;(C) and 

for a = 0,1. 

(iii) In the case of a product cobordism [0,1] x /C with product metric and nested 
product reductions [0,1] x C C [0,1] x V, (ii) holds for 0 < 6 < <5[o,i]xV without 
restriction from the collar width. 

Proof. As explained in |MW2[ Remark 7.3.2], the iterative constructions in |MW2l 
Propositions 7.3.7, 7.3.10] generalize directly to our setup based on the pruned domain 
category Bycly^. We indicated the necessary adjustments in a series of footnotes in the 
proofs of [MW2] . Beyond the above setting and notations, this requires the following 
two systematic changes. 

Firstly, all relationships between (or definitions/constructions of) subsets of Objg,^ = 
U/gTk ™ |MW2| should be replaced by two statements - one for subsets of Objg^ = 
U/gx^ ILi in the intermediate atlas IC, and one for subsets in the pruned domain category 

with Bs replaced by 13s. These two statements will always be equivalent via the 
projection ttj. Statements can then be checked by working in the intermediate category, 
but they will be applied on the level of the pruned domain category. Here it is crucial 
to know that the projections tt/ : t/y —>■ U_j are continuous (by definition of the quotient 
topology) and proper by Lemma [2H3] (i). 

Secondly, our goal ~ constructing a precompact, transverse, admissible (cobordism) 
perturbation v : Byg Iv ^ Eyclv “ is essentially the same as that of [MW21 Defini¬ 
tions 7.2.1,7.2.5,7.2.6]. Writing it in terms of the maps u = {uj : Vi ^ Ei)i^Xk.^ the only 
difference is that the compatibility conditions in [MW21 (7.2.1)], 

^ n Uij) 

for all / C J are replaced by 

'^Avij = ^IJ ° PiAvij 


on Vij ■.= Vjnpjj{Vi), 
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and the precompactness conditions in [MW2t (7.2.5)], 

(■SjIvj +Z^j)"^(0) C U \JiH<Zj(t^Hj{CH) 

for all J € lie are replaced by (|3.2.5p above 

{sj\vj + ^ Uhdj PJh{Ch) U Uhcj 

Here our setup guarantees that pjj : Vjj —>■ V/ D pij{Vj) C Uij is a regular covering (i.e. 
local diffeomorphism with fibers given by the free action of a finite group Tj^j = 

analogous to (j)jj : Njj Vj H 4>Jj{V,j) C Ujj in |MW2] . which is a regular covering 
with trivial fibers. Thus to adapt the proofs of |MW2] one should replace (pij with pjj 
and identify Njj = Vjj. □ 

Finally, we make the additional choice of an orientation of the Kuranishi atlases/cobordisms 
in the sense of Definition 13.1.101 to prove Theorem A from the introduction. 

Definition 3.3.4. Let {JC, a) be an oriented weak Kuranishi atlas of dimension D on a 
compact, metrizable space X. Then its virtnal moduli cycle := [(IZ^^I^, A^^)] is 
the cobordism class of weighted branched manifolds (without boundary) of dimension D 
given by the choices of a preshrunk tame shrinking of JC, an admissible metric on 
|/Csh|, nested reductions C C V of JC^h, and a strongly {V,C)-adapted perturbation u. 

Moreover, the virtual fundamental class 

is constructed as follows: 

• Choose a preshrunk tame shrinking Xsh of X, an admissible metric on I/Cshi? 

and a nested sequenee of open sets W^+i C Wk C (|/Csh|,d) with ~ 

|s^^^(0)|. (These exist by Theorem, \2.5.JA and e.g. taking Wk = Hi (|s)^^^^(0)|.j 
Then equip Xgh with the orientation induced from X by Lemma lS. fCPi 

• For each A: € N choose a {Vk,Ck)-adapted perturbation Uk of for some 

nested reductions Ck C Vk with 'K]c„^{C.k) C Wk- (These exist by Remark \3.2.2\ 
and Proposition \3.3.3[ . ) 

• Denote by ^ H£){Wk',Q) the Cech homology classes induced by the maps 

\c>=\n : (|Z"'=|^,A"'') ^ Wk c (|/CshU), 

take their inverse limit under pushforward with the inclusions Wk+i Wk, 
and finally take the pushforward under the homeomorphism IfJiCshl ~ • 

l^yc\(^)l ^ from Lemma [2.3.91 (iv). 

Note here that Lemma 12.3.91 (iii) identifies the quotient topology on |s^^j^(0)| with 
the relative topology induced by the embedding |/Csh|- The latter is also 

identified with the metric topology given by restriction of d, due to the nesting uniqueness 
of Hausdorff topologies and the fact that the identity map \X\ —)• {\X\,d) is continuous; 
























SMOOTH KURANISHI ATLASES WITH ISOTROPY 


59 


see |MW1[ Lemma 3.1.8, Remark 3.1.15]. Hence there is no ambiguity of topologies in 
the isomorphism explained in |MW2[ Remark 8.2.4] and used in the definition of 

Hd{\5^\0)\-,Q) a 

Finally, we can prove our main theorem: The VMC/VFC are well defined and are 
invariants of the oriented weak Kuranishi cobordism class. The proof uses the same line 
of argument as [MW2t Theorems 8.2.2, 8.2.5], just replacing manifolds with weighted 
branched manifolds. We summarize and unify these arguments here for ease of reference. 

Theorem 3.3.5. (i) The virtual moduli cycle and virtual fundamental class 

are well defined and independent of the cobordism class of oriented weak 
Kuranishi atlases on a fixed compact, metrizable space X. 

(ii) Let 1C be an oriented weak Kuranishi cobordism, and choose strongly adapted 

perturbations y°‘ in the definition of for a = 0,1. Then 

the perturbed zero sets (jZ^°j-^, A^°) ~ (jZ^^j^,A^^) are cobordant as weighted 
branched manifolds, and thus Z^°^ = Z^^^. 

(iii) Let JC be an oriented weak Kuranishi cobordism of dimension D+1 on a compact, 

metrizable collared cobordism (T, Then the virtual fundamental classes 

~ of the boundary restrictions are homologous in Y, 

(4).([8°r]j'A) = (it).([8T]jy) eHoiY-.V). 

Proof. First note that all the necessary choices of data exist, as noted in Definition 13.3.41 
Given such choices. Step 1 below constructs a representative of the virtual moduli cycle, 
and Step 5 constructs the virtual fundamental class. To prove independence of those 
choices in (i), we use transitivity of the cobordism relation for compact weighted branched 
manifolds to prove increasing independence of choices in Steps 1-5. Parts (ii), (iii) are 
then proven in Step 6. In the following, all Kuranishi atlases will be of dimension D, 
and all cobordisms of dimension D + 1. 


Step 1: Fix an oriented, metric, tame Kuranishi atlas {IC,d), nested reductions C nV, 
equivariant norms ]]•]], and constants 0 < <5 < 5^, 0 < a < cTrei([0, 1] x V, [0, 1] xC, jj • |j, <5). 
Then each (V,C, j] • \\,5,a)-adapted perturbation u induces a D-dimensional weighted 
branched manifold Z'^ := (jZ'^j-^, A'^) and a cycle \Y\h : Z'^ —)■ jCj whose cobordism class 
resp. Cech homology class [JG]^] € Hd{\C\',Q) is independent of the choice ofu. 


The regularity of the perturbed zero sets is proven in Theorem 13.2.81 To prove in¬ 
dependence of the choice of v we consider two (V,C, j] • |j, <5, cj)-adapted perturbations 
Then Proposition l3.3.3] (iiil provides an admissible, precompact, transverse cobor¬ 
dism perturbation of Srnii^r-i'-r with boundary restrictions for 

a = 0,1. Moreover, by Lemma 13.1.121 (iiil the orientation of K, induces an orientation of 
[0,1] X /C, whose restriction to the boundaries 5“([0,1] x /C) = /C equals the given ori¬ 
entation on 1C. Now Theorem 13.2.81 implies that Z := (jZ'^ j, A*^ ) is a cobordism from 
d^Z = to d^Z =(jZ'^^ 1,A^^) and induces a cycle \T'°^\'h : Z ^ [0,1] x jCj. 


Finally, the boundary restrictions of this cycle prove the equality [\Y°\n] = [\Y'\n] in 
Hd{\C\;Q); see |MW2[ (8.2.6)] for the detailed homological argument. 
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Step 2 : Fix an oriented, metric, tame Kuranishi atlas {1C, d) and nested reductions 
C OV. Then the cobordism class of Z'^ as well as [I^^I-h] £ -^d(|C|;Q) are independent 
of the choice of strongly {V,C)-adapted perturbation v. 

To prove this we consider two strongly (V, C)-adapted perturbations for a = 0,1. 
Thus is (V,C, II • II", (5“, (T")-adapted for some choices of equivariant norms || • ||" 
and constants 0 < (5" < Jy and 0 < cr" < (Trei([0,1] x V, [0,1] x C, || • ||",(5"). We 
note that 5 := max((5‘’,5^) < (5v = (5[oq]xV) Pick equivariant norms || • || on /C such 
that II • II" < II • II for a = 0,1, and choose a < min{(T°, (Trei([0,1] x V, [0,1] x 
C, II • 11,(5)}. Then Proposition 13.3.31 (hi) provides an admissible, precompact, transverse 
cobordism perturbation of Sr„ > whose restrictions y" := ® = 

0,1 are (V,C, || • ||,<5,cr)-adapted perturbations of Sjcly*". Since (5" < 5, ||i^°^|{a}xvll'^ ^ 
ll^'^^l{a}xvll < ^ and (T < (t" < (Trei([0,1] X V, [0,1] X C, II • II, (5"), they are also (V,C, || • ||, 
(5", (T")-adapted. Then, as in Step 1, the perturbed zero set of is a cobordism from 
Z^ to Z'^^, and the induced cycle in [0,1] x |C| shows [|i^°|-^] = [|r^^|-^] in Hd{\C\-,Q). 

Moreover, for fixed a G {0,1} both the restriction y" = z^®^|{q.}xV and the given 
perturbation y" are (V, C, || • ||, (5", (T")-adapted, so that Step 1 provides cobordisms Z'^'^ ~ 
Z^°‘ and identities [Ir^^^l-^] = [|i^“|-^] in i7£)(|C|;Q). By transitivity of the cobordism 
relation this proves Z'^^ ~ Z'^^ as claimed, and also [|t'^°|'^] = [Ir^^^l-^] G lf£,{\C\]Q). 

Step 3 : For a fixed oriented, metric, tame Kuranishi atlas {lC,d), the oriented cobor¬ 
dism class of weighted branched manifolds Z'^ is independent of the choice of 

strongly adapted perturbation v. Moreover, given any open neighbourhood W C (|/C|, d) of 
|s^^(0)|, the class := [\K\n ■ Z'' —>■ W] G i?D(W;Q) is independent of the choice 

of strongly {V,C)-adapted perturbation v for nested reductions C C V with TTiciC) C W. 

To prove this we consider two strongly (V", C")-adapted perturbations i/" with respect 
to nested reductions C" C V" with 7r^(C) C W, equivariant norms || • ||", and admissible 
metrics d" for a = 0,1. Remark 13.2.21 provides a nested cobordism reduction C C V of 
[0,1] X /C with cl"C = C", d°‘V = V", and ttjq^ijxc C [0,1] x W. Now pick equivariant 
norms || • || on /C such that || • ||" < || • || for a = 0,1, and choose 0 < (5 < (5v smaller than the 
collar width of d, V, and C. Then, for any 0 < (T < a,-f,\{V,C, || • ||,(5), ProDosition l3.3.3l (iil 
provides an admissible, precompact, transverse cobordism perturbation of 

whose boundary restrictions V°‘ := y^^|gc.y for a = 0,1 are (V",C", || • ||,<5,cj)-adapted 

I r A 01 "1 

perturbations of As before, is an oriented cobordism from Z^ to Z^ and 

induces a cycle in [0,1] x W that shows [k^lw] = [k^^lw] in Q). Moreover, we 

can pick a < (Trei([0,1] x V", [0,1] x C", || • ||", 5) for a = 0,1, so that each iy^^\d°‘V is also 
strongly (V",C")-adapted. Then the claim follows by transitivity as in Step 2. 

Step 4: Let (/C,d) be an oriented, metric, tame Kuranishi atlas, and let Wk C (|/C|,d) 
be a nested sequence of open sets with PlfceNl^fc ~ Definition \3. 3.4\ Then 

the Cech homology class := G .H^d(|s^^(0)|; Q) is well defined and inde¬ 

pendent of the choice of nested sequence (Wfc)fcGN- 
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The pushforward i?D(Wfc+i;Q) —)• HD{Wk',Q.) by the inclusion Ik+i ■ VVfc+i —)• Wk 
maps to since any strongly adapted perturbation Uk+i with 

respect to nested reductions Ck+i C V^+i with TTic{Ck+i) C VV^+i can also be used as 
strongly adapted perturbation for A^'^\ This shows that the homology classes 
form an inverse system and thus have a well defined inverse limit. To see that this 
limit is independent of the choice of nested sequence, note that the intersection Wfc := 
of any two such sequences (W^)fcGN is another nested sequence of open sets with 
rifceN = 1%^ (0)|. Now choose a sequence of strongly adapted perturbations Vk w.r.t. 
nested reductions Ck C Vk with n/ciCk) C Wk, then these also fit the requirements for 
the larger open sets and hence the inclusions Wk ^ W^ push G i^D(Wfc;Q) 

forward to £ HDiW^;Q). Hence, by the definition of the inverse limit, we have 

equality 

G Hd{\5^\0)\-,Q)■ 

Step 5 : Given an oriented weak Kuranishi atlas JC, the cobordism class := 
of weighted branched manifolds in Step 3 and the pullback := |'0x;sh ^ 

H]:)(^X;Q) of the Cech homology classes in Step 4 o,re independent of the choice of tame 
shrinking jC^h of JC and admissible metric d on |/Csh|- 

Here the pushforward under |i/>A:shl i® defined since this is a homeomorphism 
by Lemma 12.3.91 (iv). Given different choices (/C^,d“) of metric tame shrinkings of /C 
and strongly adapted perturbations resp. {n^)keN that define ~ Z'^°‘ resp. 

l^j g H£)(|s^a (0)1; Q), we can apply Step 6 below to the cobordism 

[0,1] X /C to obtain a weighted branched cobordism from Z'^° to Z’^^ and the identity 

7° (TO) = 7i(TO) G HDi[0,l]xX-,Q). 

sh sh 

with the natural boundary embeddings 7“ : X —>■ {a} x X C [0,1] x X = T. Further, 

= II ■■ Hd(X;Q) ^ lfni[0, 1] x X;Q) are the same isomorphisms, because the two 
maps 70,71 are both homotopy equivalences and homotopic to each other. Hence we 
obtain the identity [X]L1J = [X]pf in i7£)(X;Q), which proves Step 5. 

Step 6 : Let K, be an oriented weak Kuranishi cobordism over a compact collared cobor¬ 
dism Y. For a = 0,1 fix choices of preshrunk tame shrinkings of d°‘X, admissible 
metrics on |5“X|. Then, for any choice of strongly adapted perturbations on 
there is a weighted branched cobordism Z'^ from Z'^ to Z'^ . Moreover, the VFC’s of 
the boundary components pushforward by the embeddings iy '■ {«} x 5“T Y to the 
same Cech homology class in Y, (^y)* ([^OT]^))^) = (ty)* G Hd{Y-,Q). 

First we use Theorem 12. 5. 31 to find a preshrunk tame shrinking Xgh of X with d^Xg^ = 
and an admissible metric d on |Xsh| with boundary restrictions = d°. If 

we equip Xgh with the orientation induced by X, then by Lemma 13.1.121 the induced 
boundary orientation on d^Xg^ = with that induced by shrinking from 5“X. 

Next, Remark 13.2.21 provides nested cobordism reductions C C V of Xgi, and we may 
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choose equivariant norms || ■ || on /Csh- Then Proposition 13.3.,^ with 

a = min{cJrei(V,C, II • II, (5), min (Trei([0,1] x 9“V, [0,1] x 5“|| • ||, <5)) 

'' «=o,i ^ 

yields an admissible, precompact, transverse cobordism perturbation of 
whose restrictions := for a = 0,1 are (5"V, 5"C, 5"|| • ||, 5, (T)-adapted pertur- 

bations of la^v* particular, these are strongly adapted by the choice of a, and 
is a cobordism from Z-^o to Z-^i. Invariance of the VMC under oriented weak Kuranishi 
cobordism then follows from Step 3 by transitivity of weighted branched cobordism. 

To prove the identity between VFCs, we first construct a sequence of nested cobordism 
reductions C V of /Cgh by 

Ck := Cr^^l^l^(Wk) c V with Wfc :=Si(ryc,h(l^)) C |/Csh|, 

in addition discarding components H V/ that have empty intersection with Sj ^(0). 
With that. Proposition 13.3.31 provides admissible, precompact, transverse cobordism 
perturbations with |(sA:^^|y + r'fc)“^(0)| C Wfc, and with boundary restrictions 
^k\d°‘V that are strongly adapted perturbations of for a = 0,1. Since 

these boundary restrictions satisfy the requirements of Step 4, they define the Cech 
homology classes = lim [|r'^fc|'^] G (0)|; Q). 

On the other hand, pushforward with the topological embeddings J" : 

(|/Csh|,d) also yields Cech homology classes j-^] that form two inverse systems in 

Und^shl; Q)- Now the cycles iy^ : |Z^'=| —)> Wk given by Theorem 13.2.81 yield identities 
|-^] in Hjj[Wk',Q^), and taking the inverse limit - which commutes 
with pushforward - we obtain (lim = Jl (hm [1^'^^!'^]) in Q). 

Further pushforward with I'i/’JCshI tnrns this into an equality in H£){Y]Q). Finally, we 
use the identities |V’A:shl ° a (d°‘Y) — ° obtain in ip£)(y;Q) 

= (r^)*(|V'K;“ |*(hm 

This proves Step 6 since the left hand side was shown to be independent of a = 0,1. □ 

Appendix A. Groupoids and weighted branched manifolds 

The purpose of this appendix is to review the definition and properties of weighted 
branched manifolds from |Mclj . and slightly generalize these notions to a cobordism 
theory. This will be based on the following language of groupoids. 

An etale groupoid G is a small category whose sets of objects ObjQ and morphisms 
More are equipped with the structure of a smooth manifold of a fixed finite dimension 
such that 

• all morphisms are invertible; 

• all structural map^ are local diffeomorphisms. 

All groupoids considered in this appendix are etale. Moreover, a groupoid is called 

^ The structure maps of a category are source and target s,t : More —>■ ObjQ, identity id : ObjQ —>■ 
More, and composition comp : Morct XaMorc More. If source and target are local diffeomorphisms, 
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• proper if the source and target map s x t : More —> ObjQ x ObjQ is proper (i.e. 
preimages of compact sets are compact); 

• nonsingular if there is at most one morphism between any two of its objects; 

• oriented if its spaces of objects and morphisms are oriented manifolds and if all 
structural maps preserve these orientations; 

• d-dimensional if ObjQ and More are d-dimensional manifolds; 

• compact if its realization |G| is compact. 

Etale proper groupoids are often called ep groupoids. It is well known that in the 
current finite dimensional context the properness assumption is equivalent to the con¬ 
dition that the realization |G| is Hausdorff0 Here the realization |G| of G is the 
quotient of the space of objects by the equivalence relation given by the morphisms, i.e. 
X ~ y MorG(x,y) ^ 0. It is equipped with the quotient topology, and the natural 

projection is denoted ttq : ObjQ ^ |G|. In general, the realization |G| of an ep groupoid 
is an orbifold. It is a manifold if the groupoid is nonsingular, and an orientation of the 
groupoid induces an orientation of |G|. 

Two kinds of groupoids appear in this paper: Theorem 13.2.81 shows that the zero set 
of a transverse section defines a wnb groupoid (which is etale but generally not proper, 
and equipped with an additional weighting function, see Definition IA.4p . On the other 
hand, each Kuranishi chart K/ comprises two ep groupoids G(f/^ p/) G([/^xE/,r 7 )! 

which arise from group quotients as follows. 

Example A.l. (i) A group quotient (H, T) in the sense of Definition 12. 1.1 1 defines an ep 
groupoid G([/^r) with ObjQ = U, MorQ = f7 x T, (s x t){u,'y) = {u,'yu), id(n) = (n,id), 
comp((n, 7 ), (ytt, (5)) = (n, J 7 ), inv(n, 7 ) = (tt, 7 “^), and realization |G| = = U_. In 

particular, properness is proven in Lemma 12.1.51 (if. This groupoid is nonsingular iff the 
action of T is free. It is oriented if U is oriented and the action of each 7 G T preserves 
the orientation. 

(ii) The category B^: defined by a Knranishi atlas with trivial obstruction spaces on a 
compact space X is not a groupoid because when I ^ J the morphisms from Uj to Uj 
are not invertible. However, it is shown in |Mc3| that B;c rnay be completed to an ep 
groupoid with the same realization (namely, X itself) by adding appropriate inverses 
and composites to its set of morphisms. O 

When we take restrictions of Kuranishi charts in the sense of Definition 12.2.61 this is 
reflected in the associated groupoids by an analogous notion: 

• If G is an etale groupoid and K C |G| is open, we define the restriction G\v to be 
the full subcategory of G with objects 7 rQ^(K). 

To discuss the theory of Kuranishi cobordisms in terms of gronpoids, we need the follow¬ 
ing notions. Here we use the notation := [0, e) and Al := (1 —e, 1] for neighbourhoods 
of 0,1 € [0,1] of size e > 0 as in |MW1| . 

then the fiber product in the domain of composition is transverse and hence inherits a smooth structure. 
A groupoid has the additional structure map inv : More —>■ More given by the unique inverses. 

^^To see that proper groupoids have Hausdorff realization one can argue that the equivalence relation 
has closed graph and then use m Ch I,§10, Ex. 19] or | MW11 Lemma 3.2.4]. 
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• If G is a groupoid and ^4 C M is an interval we define the product groupoid Ax G 
to be the gronpoid with objects A x ObjQ and morphisms A x More, and with all 
structural maps given by products with id^- 

• A cobordism groupoid is a triple (G, iQ, ^q) consisting of a compact proper groupoid 

G and collaring functors x d“G ^ G for a = 0,1. Here G is required to be 

“etale with boundary” in the sense that its object and morphism spaces are manifolds 
with boundary. Moreover, these boundaries form a strictly ful0 subcategory dG of G 
that splits, d(ObjQ) = Objgoc LI ObjgiQ, d(MorG) = Morgoc U MorgiQ, into the dis¬ 
joint union of two ep groupoids d®G,d^G. Finally, the functors i-Q : x d"G —G 

are defined for some e > 0 and required to be tubular neighbourhood diffeomorphisms 
on both the sets of objects and morphisms. In particular, iQ(a, •) is the identification 
between d“G and the full subcategories formed by the boundary components of G. 

• An oriented cobordism groupoid is a cobordism groupoid (G,rQ,tQ) such that 
both G and its boundary groupoids d®G,d^G are oriented. Moreover the collaring 
functors are required to consist of orientation preserving maps : A“ x ObjgaQ —^ 
ObjQ and : A" x Mor^cG MorG for a = 0,1, where products are oriented as in 
Remark 13.1.111 

Lemma A.2. Any topological space Y has a unique maximal Hausdorff quotient 
Y-^, that is a quotient of Y which is Hausdorff and satisfies the universal property: 
Any continuous map from Y to a Hausdorff space factors through the quotient map 
-^Yu- 

Proof. To construct the maximal Hausdorff quotient let A be the set of all equivalence re¬ 
lations ~ on T for which the quotient topology on is Hausdorff. This is a set since ev¬ 
ery relation ~ on T is represented by a subset of T xY. Then Ya '■= n is a prod¬ 

uct of Hausdorff spaces, hence Hausdorff. The map -k :Y YA,y O^eA [y]~ i® con¬ 
tinuous by the definition of quotient topologies. Now the image := tt{Y) C Ya with 
the relative topology is Hausdorff, and tt induces a continuous surjection vr^ : Y —>■ 

To check that tt-^ : Y —)■ satisfies the universal property, consider a continuous 

map / : y —?■ Z to a Hausdorff space Z. This induces an equivalence relation on T 
given hy X y f{x) = f{y) whose quotient space we equip with the quotient 

topology. Then f : Y ^ Z factors as T —^ -4 Z, where /,/ : [y] i-A- f{y) is continuous 

by definition of the quotient topology. Since is also injective, this implies that is 
Hausdorff. Therefore, is one of the factors of Ya, so that f : Y ^ Z factors as the 
following sequence of continuous maps 

y^y-h^ '’L, 44 z, 

where pr^ denotes the restriction to of the projection from Ya to its factor . 

To see that is in fact a quotient of T, we will identify = vr(y) with the 
quotient that is induced by the surjection vr-^ : Y —)■ In this case the injection 

Ltt ■ ^^ Hk is in fact a continuous bijection by continuity and surjectivity of tt-^. 

subcategory is strictly full if it contains all morphisms that have source or target in its objects. 
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In particular, this implies that is Hausdorff, so that we have a continuous map 
pr^ ; —)• ^by restriction of the projection Ya —)• above. It is inverse to 

because for [y] G we have pr^(i^([y])) = pr^( 7 r^(y)) = pr^(... x [y] x ...) = [y]. This 
identihes ^as topological spaces and thus finishes the proof that a topological 

space Yy with the above properties exists. 

To prove uniqueness, consider another Hausdorff quotient pr : y —)■ that sat¬ 
isfies the universal property. Then pr factors Y Yy —^ and by the 

universal property, -Ky : Y —)■ Yy factors Y ^ Yy. Then a is sur¬ 

jective since pr is. Moreover a is injective, because otherwise there are two points 
yi,y 2 G y with 7r^(yi) / 7ry{y2) but pr(yi) = a(7r(yi)) = a( 7 r(y 2 )) = pr(y 2 ) so that 
7 r(yi) = 5(pr(yi)) = 6 (pr(y 2 )) = vr(y 2 ), a contradiction. A similar argument shows 
that b is bijective. Moreover the composite b~^a : Yy —)■ Yy has the property that 
b~^a o TTy = Try. Since iry is surjective this implies that b~^a = id, and similarly 
a~^b = id. Finally, note that because both Yy and have the quotient topology a,b 

are continuous, and hence homeomorphisms. □ 


In the following we write |G| for the realization ObjQ/~ of an etale groupoid G, and 
IGj-^ for its maximal Hausdorff quotient. We denote the natural maps by 

'■ ObjQ —^ |G|, 7r|Q| : |G| —^ |G|-^, ttq := 7 r|Q| o ttg : ObjQ ^ |G|^. 

Moreover, for U C ObjQ we write \U\ := ttg{U) C |G| and \U\y := ■Ky{U) C \G\y. 

Lemma A.3. Let G be an etale groupoid. 

(i) Any smooth functor F : G —> G' induces a continuous map \F\y : \G\y — >■ IG'I-^. 
(a) If A cM. is any interval, we may identify |A x G| with A x |G| and |A x Gj-^ with 
A X |G|-^. More precisely, there are commutative diagrams 


ObjyixG 


pr^xprc 


A X ObjQ 


|A X G 


IprAlxIprcl 


A X |G| 


TTAxG 


id^XTTG 


1^ X G| Iffdlii-'oU X |G|, 


^^xG| 

\AxG\y 


IprAlwxIprcl^^ 


idAXTT^I 

Ax\G\y, 


where the horizontal maps are homeomorphisms. Here pr^ : A x G —>■ A and prQ : 
A X G ^ G are the two projection functors from the product groupoid to its factors and 
A is the groupoid with objects A and only identity morphisms so that A = |A| = |A|-^. 


Proof. Any smooth functor F : G ^ G' induces a continuous map |G 
by Lemma [A.21 applied to |G|, the composite 



G' 


Then 


G 



G' 


n 


|G| 

factors uniquely through the quotient map |G| IGj-^. The resulting continuous map 
\F\y : \G\y —>■ \G'\y is uniquely determined by 7r|^,| o |F| = \F\y This proves (i). 
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To prove (ii), first consider the diagram on the left. The bottom horizontal map 
is bijective because Mor^ixG = ^ x More, and continuous by definition of the prod¬ 
uct topology. Finally, it is a homeomorphism because A is locally compact; c.f. |Mul 
Ex 29.11]. In the diagram on the right we define the bottom horizontal arrow using the 
product of the maps induced as in (i) by the two functors pry^,prQ. Hence it is contin¬ 
uous. Since the diagram commutes and we have already seen that the top horizontal 
map is homeomorphism, it remains to check this for the bottom map. But this holds 
because the uniqueness property of the maximal Hausdorff quotient implies that, for 
any homeomorphism (j) :Y Y', the unique continuous map (j)-^ : —)• such that 

Y %Y' ^ equals Y ^ ^ must be a homeomorphism. □ 

The smooth structure on a weighted branched manifold will be given by a homeomor¬ 
phism to the realization of an etale groupoid with the following weighting structure. 

Definition A.4 ( [Mclj .Def. 3.2). A weighted nonsingular branched groupoid (or 
wnb groupoid for short) of dimension d is a pair (G,A) consisting of an oriented, 
nonsingular, etale groupoid G of dimension d, together with a rational weighting function 
A : |G|-^ —)■ Q"*" := Q n (0, cx)) that satisfies the following compatibility conditions. For 
each p € |G|-^ there is an open neighbourhood N C |G|-^ of p, a collection Ui,...,Ui 
of disjoint open subsets of {7r^)~^{N) C ObjQ (called local branches^, and a set of 
positive rational weights mi,... ,mi such that the following holds: 

(Covering) (7r^|)-^(A) = |I7i| U ■ ■ ■ U C |G|; 

(Local Regularity) for each i = 1,.. . the projection Tr^\ui ■ Ui —>■ jG]-^ is a homeo¬ 
morphism onto a relatively closed subset of N; 

(Weighting) for all q (z N, the number A{q) is the sum of the weights of the local 
branches whose image contains q: 

Mq) = 

i-g&\Ui\n 

A wnb cobordism groupoid is a tuple (G,iQ,i.Q,A) in which (G,i.Q,iQ) is an 
oriented, nonsingular, etale cobordism groupoid of dimension d, and A : |G|-h -t Q+ is 
a weighting function as above with the additional property that A and the local branches 
Ui,... ,Ui have product form in the collars. 

In particular, this means that each boundary groupoid 9“G is equipped with a weighting 
function A" as above such that the following diagram commutes 


Af X |(9"G|w 

id^a X A“ 




\G\h 

A 


id 


G and we iden- 


where I^-gI-k induced by the collaring functor tQ : x 5"G 

tify \Af X 5"G|^ with A!f X \d°^G\'n as in Lemma IT. 31 with orientation as specified in 
Definition \3.1.1(A 
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Now we can formulate the notion of weighted branched manifold resp. cobordism. 

Definition A. 5. A weighted branched manifold/cobordism of dimension d is a 
pair [Z^kz] consisting of a topological space Z together with a function kz : Z —>■ Q"'' 
and an equivalence c/a.s.ri of wnb (cobordism) d-dimensional groupoids (G,Ag) and 
homeomorphisms f : IGI-^ —)• Z that induce the function kz = Ag o f~^- 

For a weighted branched cobordism {Z,kz, [G, ^q,/-q, Ag,/]), the induced boundary 
components (9"Z := /(| i'h\H{\d^G\n)) d Z for a = 0,1 are equipped with the weighted 
branched manifold structures [(d“G, Aq),/|| 9aG|^]- 

The underlying space Z of a weighted branched manifold or cobordism is always 
Hausdorff due to the homeomorphism Z = |G|-^ to a Hausdorff quotient. Moreover, since 
cobordism groupoids are compact by definition, the underlying space Z of a weighted 
branched cobordism is always compact. 

ft is shown in [Mcli Proposition 3.5] that the weighting function A : |G|-^ —>■ (0, oo) is 
locally constant on the complement of the branch locus Br(G) C |G|-^. (This is defined 
to be the set of points in IG]-^ over which |7r|^| : |G| —>■ IG]-^ is not injective, and is 
closed and nowhere dense.) Further, every point in |G|'^\Br(G) has a neighbourhood 
that is homeomorphic via 7r|Q| to an open subset in a local branch and so has the structure 
of a smooth oriented manifold. 

Example A.6. (i) Any compact oriented smooth manifold/cobordism may be consid¬ 
ered as a weighted branched manifold/cobordism with weighting function kz = 1 and 
empty branch locus. 

(ii) A compact weighted branched manifold of dimension 0 also necessarily has empty 
branch locus and consists of a finite set of points {pi,... ,pk}, each with a positive 
rational weight m{pi) € Q"*" and orientation o{pi) G {i}- Any representing groupoid 
G has as object space ObjG a set with the discrete topology, that is equipped with an 
orientation function o : ObjG "^^^6 morphism space MorG is also a discrete 

set and, because we assume that G is oriented, defines an equivalence relation on ObjG 
such that X ~ y o(x) = o{y). Moreover, because |G| is Hausdorff, we can identify 
|G| = IG]-^ and hence conclude that ObjG consists of precisely k classes of points that 
are equivalent under MorG and project to pi,... ,pk in Z = IG]-^. 

(hi) For the prototypical example of a 1-dimensional weighted branched cobordism 
(|G|-^,A), take Obj(G) = I \A I' equal to two copies of the interval I = I' = [0,1] 
with nonidentity morphisms from x G / to x G T for x G [0, ^) and their inverses, where 
we suppose that I is oriented in the standard way. Then the realization and its Hausdorff 
quotient are 

1^1 “ /{(/,x) ~ (/',x) iff X G [0, ^)}’ 

~ /{(/, x) ~ (/',x) iff X G [0, |]}’ 

The precise notion of equivalence is given in |Mcll Definition 3.12]. In particular it ensures that 
the induced function Az ~ Ac o and the dimension of Obj^j is the same for equivalent structures 
(G, Ag,/). Moreover, if (G,tG,tG) is a cobordism groupoid, then the images f{\d°‘G\n) ■= d°‘Z C Z 
of the two boundary components are well defined. 
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and the branch locus is a single point Br(G) = {[/, = [/', ^]} C The choice of 

weights m, > 0 on the two local branches I and I' determines the weighting function 
A : |G|-^ —> (0, oo) as 

m + m' if x€[0, il, ( m + m' if xE[0 , il, 

' A([T,x]) = i ' 

m if xG(^, 1 ], \ m' if xG(^, 1 ]. 

For example, giving each branch /, I' the weight m = m' = ^, together with an appropri¬ 
ate choice of collar functors iQ, yields a weighted branched cobordism (IGj-^,/- q, iQ, A) 
with |(9°G|^ = {[/, 0 ] = [/', 0 ]}, which is a single point with weight 1 , and |(9^G|^ = 
{[/, 1], [I', 1]}, which consists of two points with weight all with positive orientation 
because as explained in Remark 13. 1.1 II the induced orientation on the boundary 5"G of 
a cobordism is completed to an orientation of the collar by adding as the first component 
the positive unit vector along A". 

Another choice of collar functors for the same weighted groupoid (G, A) might give rise 
to a different partition of the boundary into incoming (9^G and outgoing d^G, for example 
yielding a weighted branched cobordism with |5°G|-^ = {[ 1 , 0 ] = [/', 0 ], [/, 1 ]}, consisting 
of two points with weights and orientations ( 1 ,+) and ( 5 ,—) and |(9^G|-^ = {[/',!]}, 
consisting of one point with weight (i, -|-). 

(iv) In the situation of Theorem 13.2.81 the nonsingular etale groupoid with Objg,, = 
{sfclv + has a maximal Hausdorff quotient = |Z^| that, as we show in 

Lemma 13.2.101 is given by the realization of the groupoid Z^ obtained as in (iii) above 
by closing the set of morphisms Morg,, C Objg„ x Objg,,. Therefore, in this case we 
can give a completely explicit description of iZj-^ and its weighting function Az; see the 
proof of Theorem 13.2.81 O 

The following is a version of some parts of [Me 11 Proposition 3.25], which more gen¬ 
erally defines a notion of integration over weighted branched manifolds and cobordisms. 

Proposition A.7. Any compact d-dimensional weighted branched manifold (T, Ay) in¬ 
duces a fundamental class [Y] € IId(Y;Q), and any d-dimensional weighted branched 
cobordism {Z,Az) with boundary dZ := d^Z U d^Z induces a fundamental class 
[Z] G Hd{Z,dZ-,Q), whose image under the boundary map 

d:Hd{Z,dZ-q)^Hd-i{dZ-q) = Hd-i{d^Z-q) + Hd-i{d^Z-q) 
is d[Z] = [d^Z] - [dOZ]. 

Proof. If (Y, Ay) has a weighted branched manifold structure (G, Ag) with well behaved 
(e.g. piecewise smooth) branch locus, then one can triangulate |G|-^ = Y so that the 
branch locus lies in the codimension-1 skeleton. We may then define a singular cycle on Y 
by using the local weights to assign a rational weight to each top dimensional simplex. 
As explained in Remark l3.1.11l in the case of a cobordism Z the induced orientation on 
the boundary component d“Z is completed to the orientation of the collar by adding the 
unit positive vector along the collar as the first component. In the case of d^Z this yields 
an orientation of d^Z that is the opposite of the standard way of orienting a boundary 
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component by adding the outward pointing normal, a fact that is reflected in the minus 
sign in the formula d[Z] = [d^Z] — [d^Z], For more details and the general case, see 

pHT] . □ 
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